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Abstract
We propose N = 4 twisted superspace formalism in four dimensions by
introducing Dirac-Ka¨hler twist. In addition to the BRST charge as a scalar
counter part of twisted supercharge we find vector and tensor twisted su-
percharges. By introducing twisted chiral superfield we explicitly construct
off-shell twisted N = 4 SUSY invariant action. We can propose variety of
supergauge invariant actions by introducing twisted vector superfield. We
may, however, need to find further constraints to identify twisted N = 4 su-
per Yang-Mills action. We propose a superconnection formalism of twisted
superspace where constraints play a crucial role. It turns out that N = 4
superalgebra of Dirac-Ka¨hler twist can be decomposed into N = 2 sectors.
We can then construct twisted N = 2 super Yang-Mills actions by the super-
connection formalism of twisted superspace in two and four dimensions.
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1 Introduction
One of the most fundamental questions in modern particle physics is to understand
the origin of the supersymmetry(SUSY) between boson and fermion. It was pointed
out that quantized version of four-dimensional topological Yang-Mills action with
instanton gauge fixing led to N = 2 twisted super Yang-Mills action [1–5]. The
twisting procedure generates matter fermions from the ghost-related fermions by
relating the spin of matter fermion and internal R symmetry of N = 2 SUSY
algebra. Even though this is a very special example, we may recognize that SUSY
appears from the quantization procedure of bosonic topolotical theory. Many related
works appeared to find better understandings of the connection between the SUSY
and the topological field theory [6–11] [12, 13].
One of the important characteristics of the Witten’s twisting procedure is that
the BRST charge of the quantization of topolotical field theories is responsible for
the twisted SUSY as a supercharge. In the investigations of the quantization of
topological field theories of Schwarz type; Chern-Simons action and BF actions, a
new type of vector SUSY was discovered [14–17]. It was recognized that this vector
SUSY belongs to a twisted version of an extended SUSY of N = 2 or N = 4.
The origin of the vector SUSY was recognized in some particular examples to be
related to the fact that the energy-momentum tensor can be expressed as a pure
BRST variation [18–20]. It was later stressed that a (pseudo) scalar SUSY was
also accompanied together with BRST and vector SUSY [21]. Then there appeared
many related works [22–30] [31–34]. The connection of the extended SUSY and the
quantization procedure of anti-field formalism by Batalin and Vilkovisky was also
investigated [35, 36].
One of the authors (N.K.) and Tsukioka pointed out that the two-dimensional
version of topological Yang-Mills action obtained from generalized gauge theory [37–
40] with instanton gauge fixing led to two-dimensional version ofN = 2 twisted super
Yang-Mills action [41]. It was found in this investigation that the twisting procedure
to relate between the ghost-related fermions and matter fermions is essentially Dirac-
Ka¨hler fermion mechanism [42–49] and the ”flavor” degrees of freedom of the Dirac-
Ka¨hler fermion can be interpreted as that of the extended SUSY [41]. It turned out
that this Dirac-Ka¨hler twisting mechanism works universally in the quantization of
topological field theory and an extended SUSY is generated. Here the BRST charge
in the quantization is equivalent to the scalar component of twisted supercharge
[50]. It was then recognized that the twisted superspace formulation is hidden
behind the formulation. In the previous paper two of the authors (J.K. and N.K.)
with Uchida proposed twisted superspace formalism for N = 2 twisted SUSY in
two dimensions and derived off-shell SUSY invariant BF, Wess-Zumino and super
Yang-Mills actions [50]. The quantized action of Yang-Mills type in two dimensions
has the close connection with N = 2 super Yang-Mills action obtained from the
different context [51, 52]. In this paper we propose four-dimensional N = 4 twisted
superspace formalism as a natural extension of the N = D = 2 twisted superspace
formalism. Related works with the similar contexts with our formulation was given
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by Labastida and collaborators for N = 2 twisted SUSY by spinor formulation in
two and four dimensions [53,54], while our formulation is based on the scalar-vector-
tensor formulation due to the Dirac-Ka¨hler twisting procedure.
Concerning to the twisting procedure of N = 4 SUSY there are several twist-
ing procedure [55–59]. The twisting procedure we propose in this paper has close
connection with that of Marcus [56]. Off-shell N = 4 SUSY invariant actions were
proposed and the corresponding superspace formulation was investigated by several
authors but so far it is not successful [60–62].
One of the other important motivations of current investigation comes from the
recent lattice SUSY investigation [63]. It is well known that the Dirac-Ka¨hler fermion
mechanism is fundamentally related to the lattice formulation [64–66] [67, 68]. In
fact recently N = 2 twisted superspace in two dimensions has been successfully
formulated on a lattice with an introduction of mild non-commutability [69–74] for
lattice difference operator and twisted supercharges [63]. It is strongly suggested that
N = 4 twisted superspace formalism in four dimensions is important to formulate
four-dimensional SUSY on a lattice. In particular N = 4 twisted super Yang-Mills
action is needed to formulate supergauge invariant action on a four-dimensional
lattice.
The recent AdS/CFT correspondence [75, 76] from superstring formulation also
suggests that superspace formulation of N = 4 super Yang-Mills action will help
to understand the fundamental structure of Yang-Mills theory based on the brane
dynamics.
This paper is organized as follows: We first give the general formulation of N = 4
twisted SUSY algebra based on Dirac-Ka¨hler twist in section 2. Then we formulate
twisted superspace and superfield for N = D = 2 and N = D = 4 in section 3. We
introduce twisted chiral and vector superfields and propose off-shell twisted SUSY
invariant actions. In section 4 we propose superconnection formalism to formulate
twisted N = 2 SUSY invariant super Yang-Mills actions in two and four dimensions.
We summarize the results in section 5. We provide several appendixes to give the
details of tensor kinematics of twisted algebra and full expression of twisted N = 4
SUSY invariant action.
2 Twisted SUSY from Dirac-Ka¨hler twist
The twisting procedure was first proposed by Witten in the derivation of the twisted
version of N = 2 super Yang-Mills action [1]. It was soon recognized that the
super Yang-Mills action can be derived by the quantization of topological Yang-
Mills action with instanton gauge fixing, where the ghost-related fields turned into
matter fermions via twisting mechanism [2–5]. It was also shown that N = D = 2
twisted super Yang-Mills action can be derived from instanton gauge fixing of the
two-dimensional version of generalized topological Yang-Mills theory in the similar
way as the four-dimensional case [41]. It was then found in the N = D = 2 twisted
SUSY formulation that the twisting mechanism is essentially related to the Dirac-
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Ka¨hler fermion mechanism [41]. Then it has led to the proposal of the N = 2 twisted
superspace formalism in two dimensions [50]. Here we propose twisting mechanism
of N = 4 twisted super symmetry in four dimensions. We may call this twisting
procedure as Dirac-Ka¨hler twist. In order to show that a general formulation of
the Dirac-Ka¨hler twist of twisted SUSY for N = 2 in two dimensions and N = 4
in four dimensions has an intimate similarity, we construct the four- dimensional
formulation parallel to the two-dimensional case.
The supercharges of extended supersymmetry algebra satisfy the following rela-
tions:
{Qαi, Qjβ} = 2δijPµγµαβ, (2.1)
where the indices {α, β} and the indices {i, j} are Lorentz spinor and internal R-
symmetry suffix of an extended SUSY, respectively. For N = 2 extended SUSY
in two dimensions we take i, j = 1, 2, while we take i, j = 1, 2, 3, 4 for N = 4 ex-
tended SUSY in four dimensions. Since we introduce γ-matrix in the right hand
side of (2.1) the conjugate supercharge Qiα should be related to Qαi. γ
µ and Pµ
are the corresponding γ-matix and momentum generator in two and four dimen-
sions, respectively, and the explicit representation of four-dimensional γµ is given in
Appendix A. Throughout this paper we consider Euclidean spacetime.
2.1 N = 2 twisted SUSY in two dimensions
In defining Dirac-Ka¨hler twist we identify the right index of the supercharge Qαi
as spinor suffix, then we can decompose the charge into the following scalar, vector
and pseudo-scalar components which we call twisted supercharges:
Qαi =
(
1s+ γµsµ + γ
5s˜
)
αi
. (2.2)
We introduce the conjugate supercharge as Qiα = (C
−1QTC)iα where we can take
C = 1 in two-dimensional Euclidean spacetime and thus Qiα = Qαi. The details of
the notation in two dimensions can be found in [50].
The relations (2.1) can now be rewritten by the twisted generators as:
{s, sµ} = Pµ, {s˜, sµ} = −ǫµνP ν ,
s2 = s˜2 = {s, s˜} = {sµ, sν} = 0.
(2.3)
This is the twisted N = D = 2 SUSY algebra obtained from Dirac-Ka¨hler twist.
Similar to the supercharges we can introduce twisted superparameters as
θαi =
1
2
(
1θ + γµθµ + γ
5θ˜
)
αi
, (2.4)
then we can define N = 2 supersymmetry transformation as
δθ = θαiQαi = θs+ θ
µsµ + θ˜s˜. (2.5)
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In general N = 2 SUSY in two dimensions includes super-Poincare´ symmetry
together with R-symmetry as follows:
[Pµ, Qαi] = 0,
[J,Qαi] =
i
2
(γ5)α
βQβi,
[R,Qαi] =
i
2
(γ5)i
jQαj ,
[J, Pµ] = iǫµ
νPν ,
[Pµ, Pν ] = [Pµ, R] = [J,R] = 0.
(2.6)
J and R are generators of SO(2) Lorentz and SO(2)I internal rotation of extended
SUSY called R symmetry, respectively, while γ5 can be identified as the rotation
generator of spinor suffix for those rotations.
The essential meaning of the Dirac-Ka¨hler twist is to identify the extended SUSY
indices as the spinor ones. Then the internal extended SUSY should transform as
spinor under the Lorentz transformation. This will lead to a redefinition of the
energy-momentum tensor and the Lorentz rotation generator.
We can redefine the energy-momentum tensor Tµν as the following relation with-
out breaking the conservation law:
T ′µν = Tµν + ǫµρ∂
ρRν + ǫνρ∂
ρRµ, (2.7)
where Rµ is the conserved current associated with R symmetry [1, 10, 53]. This
modification leads to a redefinition of the Lorentz rotation generator,
J ′ = J +R. (2.8)
This new rotation group is interpreted as the diagonal subgroup of SO(2)×SO(2)I.
The twisted version of the super-Poiancare´ and R-symmetry algebra can be
obtained as follows:
[J ′, s] = [J ′, s˜] = 0, [J ′, sµ] = iǫµνs
ν ,
[R, s] = i
2
s˜, [R, sµ] =
i
2
ǫµνs
ν , [R, s˜] = − i
2
s,
[J ′, Pµ] = iǫµνP
ν ,
[Pµ, Pν ] = [Pµ, R] = [J
′, R] = 0.
(2.9)
This is the twisted D = N = 2 SUSY algebra.
2.2 N = 4 twisted SUSY in four dimensions
In this subsection we consider an extension of the twisting procedure using Dirac-
Ka¨hler twist into four dimensions. The Dirac-Ka¨hler fermion mechanism is formu-
lated in any dimensions [42–49]. It is particularly convenient to formulate in even
dimensions since the corresponding Clifford algebra is unambiguously defined with a
chiral generator. Similar to the two-dimensional case, we introduce the Dirac-Ka¨hler
twisting procedure in four dimensions. In this case the situation is more involved
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since the charge conjugation matrix C cannot be taken as unit matrix any more.
Throughout this paper we consider the four-dimensional Euclidean spacetime.
As in the two-dimensional case we identify the extended SUSY suffix {i} as
spinor suffix of a diagonal subgroup SO(4)×SO(4)I. Analogous to the Dirac-Ka¨hler
mechanism, we can expand Qαi as:
Qαi =
1√
2
(
1s+ γµsµ +
1
2
γµνsµν +
1
3!
γµνρsµνρ +
1
4!
γµνρσsµνρσ
)
αi
=
1√
2
(
1s + γµsµ +
1
2
γµνsµν + γ˜
µs˜µ + γ5s˜
)
αi
, (2.10)
where s˜µ ≡ 13!ǫµνρσsνρσ and s˜ ≡ 14!ǫµνρσsµνρσ. We define the following conjugate
supercharge:
Qiα = (C
−1QTC)iα, (2.11)
where C is the charge conjugation matrix in four-dimensional Euclidean spacetime
and satisfies
γµ
T = CγµC
−1, CT = −C. (2.12)
We give explicit representation of the γ-matrix and the charge conjugation matrix
in four dimensions and useful relations in Appendix A.
The algebra (2.1) may be equivalently rewritten as
{Qαi, Qβj} = 2Cji(γµC−1)αβPµ. (2.13)
The twisted supercharges {sI} are related to the supercharges Qαi ofN = 4 extended
SUSY as:
s =
1
2
√
2
TrQ,
sµ =
1
2
√
2
Tr(Qγµ),
sµν = − 1
2
√
2
Tr(Qγµν),
s˜µ = − 1
2
√
2
Tr(Qγ˜µ),
s˜ =
1
2
√
2
Tr(Qγ5). (2.14)
We can then explicitly calculate the commutation relations of supercharges {sI}
{s, sµ} = Pµ, {sµ, sρσ} = −(δµρPσ − δµσPρ),
{s˜, s˜µ} = Pµ, {s˜µ, sρσ} = ǫµρσνP ν,
{s, sµν} = {s, s˜µ} = {s, s˜} = {sµ, s˜ν} = {sµs˜} = {sµν , s˜} = 0,
{s, s} = {sµ, sν} = {sµν , sρσ} = {s˜µ, s˜ν} = {s˜, s˜} = 0. (2.15)
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Here we introduce Grassmann odd twisted SUSY parameters corresponding to
the supercharges (2.10)
θαi =
1
2
√
2
(
1θ + γµθµ +
1
2
γµνθµν + γ˜
µθ˜µ + γ5θ˜
)
αi
. (2.16)
Then the explicit form of N = 4 twisted SUSY generator can be given by
δθ = θiαQαi = θs+ θ
µsµ +
1
2
θµνsµν + θ˜
µs˜µ + θ˜s˜, (2.17)
where θ has the same relation as (2.10) with θ: θiα = (C
−1θTC)iα.
Next we consider super-Poincare´ and R-rotation of N = 4 SUSY algebra,
[Pµ, Pν ] = 0,
[Qαi, Pµ] = 0,
[Mµν ,Mρσ] = −i(δµρMνσ − δνρMµσ − δµσMνρ + δνσMµρ),
[Pµ,Mρσ] = i(δµρPσ − δµσPρ),
[Qαi,Mµν ] =
i
2
(γµν)αβQβi, (2.18)
[Rµν , Rρσ] = −i(δµρRνσ − δνρRµσ − δµσRνρ + δνσRµρ),
[Qαi, Rµν ] =
i
2
(Γµν)ijQαj ,
[Rµν , Pρ] = 0,
[Rµν ,Mρσ] = 0,
where Mµν is SO(4) Lorentz generator and Rµν is SO(4)I internal space rotation
generator called R-symmetry. Γµ satisfies the same Clifford algebra as γµ and can
be identified as the rotation generators of spinor suffix of SO(4)I .
We introduce the Dirac-Ka¨hler twisting procedure where we identify the internal
SUSY suffix {i} as spinor suffix of SO(4)I. We can then identify Γµij as (γµ)αβ in
particular Γµ = (γµ)T . In this case the twisted algebras do not have the Lorentz
invariance of original Lorentz group any more. For the R-rotation we obtain
[Qαi, Rµν ] =
i
2
(Γµν)ijQαj
→ [Qαi, Rµν ] = − i
2
(γµν)
T
ijQαj
= − i
2
Qαj(γµν)ji. (2.19)
Substituting Qαi into (2.10), we obtain the following algebraic relations:
[s, Rµν ] =
i
2
sµν ,
[sρ, Rµν ] =
i
2
(δµρsν − δνρsµ)− i
2
ǫµνρσs˜
σ,
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[sρσ, Rµν ] = − i
2
(δµρδνσ − δνρδµσ)s− i
2
(δµρsσν − δµσsρν − δνρsσµ + δνσsρµ)
+
i
2
ǫµνρσ s˜,
[s˜ρ, Rµν ] = − i
2
ǫµνρσs
σ +
i
2
(δµρs˜ν − δνρs˜µ),
[s˜, Rµν ] = − i
4
ǫµνρσs
ρσ. (2.20)
Other algebraic relations can be obtained in the similar way. It should be noted that
{sI} are not tensors under the original Lorentz transformation. They are, however,
tensors of newly defined Lorentz generators,
M ′µν = Mµν +Rµν . (2.21)
Using the new Lorentz generator M ′µν , we can represent the super-Poincare´ and
R-symmetry part of N = 4 twisted SUSY algebras as follows:
[Pµ, Pν ] = 0,
[s, Pρ] = [sµ, Pρ] = [sµν , Pρ] = [s˜µ, Pρ] = [s˜, Pρ] = 0,
[M ′µν ,M
′
ρσ] = −i(δµρM ′νσ − δνρM ′µσ − δµσM ′νρ + δνσM ′µρ),
[Pµ,M
′
ρσ] = i(δµρPσ − δµσPρ),
[s,M ′ρσ] = [s˜,M
′
ρσ] = 0,
[sµ,M
′
ρσ] = i(δµρsσ − δµσsρ), [s˜µ,M ′ρσ] = i(δµρs˜σ − δµσs˜ρ),
[sρσ,M
′
µν ] = −i(δµρsσν − δµσsρν − δνρsσµ + δνσsρµ),
[Rµν , Rρσ] = −i(δµρRνσ − δνρRµσ − δµσRνρ + δνσRµρ),
[s, Rµν ] =
i
2
sµν ,
[sρ, Rµν ] =
i
2
(δµρsν − δνρsµ)− i
2
ǫµνρσ s˜
σ,
[sρσ, Rµν ] = − i
2
(δµρδνσ − δνρδµσ)s− i
2
(δµρsσν − δµσsρν − δνρsσµ + δνσsρµ)
+
i
2
ǫµνρσ s˜,
[s˜ρ, Rµν ] = − i
2
ǫµνρσs
σ +
i
2
(δµρs˜ν − δνρs˜µ),
[s˜, Rµν ] = − i
4
ǫµνρσs
ρσ,
[Rµν , Pρ] = 0,
[Rµν ,M
′
ρσ] = −i(δµρRνσ − δνρRµσ − δµσRνρ + δνσRµρ). (2.22)
As we can see in this algebra, s, sµ, sµν , s˜ν , s˜ transform as scalar, vector, tensor,
pseudo-vector and pseudo-scalar, respectively under the new Lorentz generatorM ′µν .
Next we consider how the relation (2.21) has an effect on the transformation law
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of component fields. We define the Dirac-Ka¨hler field as follows [42–49],
Ψαi =
1√
2
(
1ψ + γµψµ +
1
2
γµνψµν + γ˜
µψ˜µ + γ5ψ˜
)
αi
, (2.23)
where Ψαi appears in the N = 4 extended supersymmetric theory while {ψ, ψµ, ψµν ,
ψ˜µ, ψ˜} appear in the twisted N = 4 supersymmetric theory. As M ′ is the Lorentz
generator in the twisted theory, we can define the transformation laws of {ψ, ψµ, ψµν ,
ψ˜µ, ψ˜} as
δM ′ψ = 0,
δM ′ψµ = 2ikµνψ
ν ,
δM ′ψµν = −2i(kµρψνρ − kνρψµρ),
δM ′ψ˜µ = 2ikµνψ˜
ν ,
δM ′ψ˜ = 0, (2.24)
where kµν is bosonic anti-symmetric tensor. Therefore the Dirac-Ka¨hler field trans-
forms in the following form:
δM ′Ψ =
i
2
[kµνγ
µν ,Ψ]. (2.25)
We can also define the R-symmetry transformation law of theses fields,
δRψ =
i
2
kµνψµν ,
δRψµ = ikµνψ
ν − i
2
kρσǫρσµν ψ˜
ν ,
δRψµν = −ikµνψ − i(kµρψνρ − kνρψµρ) + i
2
kρσǫρσµν ψ˜,
δRψ˜µ = − i
2
kρσǫρσµνψ
ν + ikµνψ˜
ν ,
δRψ˜ = − i
4
kρσǫµνρσψ
µν .
(2.26)
The Dirac-Ka¨hler field transforms under the R-symmetry transformation in the
following:
δRΨ = − i
2
Ψkρσγ
ρσ. (2.27)
Here we may replace γµν by Γµν and then
δRΨαi =
i
2
kρσ(Γ
ρσ)ijΨαj . (2.28)
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This transformation is the R-symmetry transformation of spinor filed with SO(4)I
internal symmetry. On the other hand the Lorentz transformation induced by M =
M ′ − R is
δMΨ = δM ′Ψ− δRΨ
=
i
2
[kµνγ
µν ,Ψ] +
i
2
Ψkρσγ
ρσ
=
i
2
kµνγ
µνΨ, (2.29)
which precisely coincides with the Lorentz transformation of a spinor field. Thus
the R-symmetry generator R plays the role of shifting the integer spin ghost-related
fermions into the half integer spin matter fermions. This shows that Dirac-Ka¨hler
fermion mechanism is essentially related to the twisting procedure ofN = 4 extended
SUSY in four dimensions just like the two-dimensional case [41, 50].
3 Twisted superspace and superfield
In the Dirac-Ka¨hler twisting procedure we have introduced the twisted supercharges
in the following form:
Qαi = aD
(
γIsI
)
αi
, (3.30)
where the normalization constant aD has a dimension dependence in our notation:
{
a2 = 1 (N = 2 in two dimensions),
a4 =
1√
2
(N = 4 in four dimensions).
(3.31)
We then introduce the corresponding twisted superparameters as:
θαi =
aD
2
(
γIθI
)
αi
. (3.32)
Then we can define a twisted SUSY transformation as
δθ = θiαQαi = θIsI . (3.33)
We can then define the following supergroup element acting on a twisted superspace:
G(xµ, θA) = e
i(−xµPµ+δθ). (3.34)
N = D = 2 and N = D = 4 twisted superspace of extended SUSY is defined in the
parameter space of (xµ, θI).
By using the relations (2.3) or (2.15) and Baker-Hausdorff formula, we can obtain
the following relation:
G(0, ξI) G(x
µ, θI) = G(x
µ + bµ, θI + ξI), (3.35)
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where
bµ =
i
2
ξθµ + i
2
ξµθ + i
2
ǫµνξ
ν θ˜ + i
2
ǫµν ξ˜θ
ν
(N = 2 in two dimensions),
bµ =
i
2
ξθµ +
i
2
ξµθ − i
2
ξνθ
νµ − i
2
ξνµθν − i
4
ǫµνρσ ξ˜νθρσ − i
4
ǫµνρσξρσθ˜ν +
i
2
ξ˜µθ˜ +
i
2
ξ˜θ˜µ
(N = 4 in four dimensions).
(3.36)
This multiplication induces a shift transformation in superspace (xµ, {θI}):
(xµ, {θI})→ (xµ + bµ, {θI + ξI}), (3.37)
which is in general generated by supercharge differential operators QA. Accordingly
supercharge differential operators are introduced to satisfy the following parameter
shifts:
δξ
(
xµ
θI
)
= (ξIQI)
(
xµ
θI
)
=
(
aµ
ξI
)
. (3.38)
We introduce a general superfield Υ(x, {θI}),
Υ(x, {θI}) = φ+ θIφI + 1
2
θIθJφIJ + · · · . (3.39)
We then define twisted SUSY transformation of component fields as follows:
δξΥ(x, {θI}) = δξφ+ θIδξφI + 1
2
θIθJδξφIJ + · · ·
≡ (ξIQI)Υ(x, {θI}), (3.40)
where δξ = ξIsI . It should be noted that this operator applies not on the superfield
but on component fields as well. We thus obtain the full SUSY transformation law
of component fields in principle. In general superfield is, however, highly reducible
and thus we need to introduce a constraint on the general superfield. Once we know
the SUSY transformation of the component fields by any means, we can construct
the superfield itself as follows:
Υ(x, {θI}) = eδθφ
= φ+ δθφ+
1
2
(δθ)
2φ+ · · · , (3.41)
where φ is the parent field to generate other component fields in the same twisted
supermultiplet.
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3.1 N = 2 twisted superspace in two dimensions
The twisted N = 2 supercharge differential operators generating the parameter shift
(3.37) and (3.38) are given by
Q = ∂
∂θ
+
i
2
θµ∂µ,
Qµ = ∂
∂θµ
+
i
2
θ∂µ − i
2
θ˜ǫµν∂
ν ,
Q˜ = ∂
∂θ˜
− i
2
θµǫµν∂
ν ,
(3.42)
which satisfy the following N = 2 twisted superalgebra:
{Q ,Qµ} = i∂µ,
{Q˜ ,Qµ} = −iǫµν∂ν ,
{Qµ,Qν} = {Q, Q˜} = Q2 = Q˜2 = 0. (3.43)
It should be note that the sign of spacetime derivative is reversed with respect
to the original algebra (2.3) due to the reverse order in operation. We introduce
superderivative differential operators {DI} which anticommute with {QI},
{QI ,DJ} = 0. (3.44)
We find
D =
∂
∂θ
− i
2
θµ∂µ,
Dµ =
∂
∂θµ
− i
2
θ∂µ +
i
2
θ˜ǫµν∂
ν ,
D˜ =
∂
∂θ˜
+
i
2
θµǫµν∂
ν . (3.45)
We can see that these operators satisfy the following algebra:
{D ,Dµ} = −i∂µ,
{D˜ ,Dµ} = iǫµν∂ν ,
{Dµ,Dν} = {D, D˜} = D2 = D˜2 = 0, (3.46)
which has the same algebraic structure as (2.3). Similarly we can derive the twisted
angular momentum and R-symmetry differential operators which satisfy the N = 2
twisted SUSY algebra (2.9):
J ′ = iǫµνxµ∂ν + iǫµνθµ ∂
∂θν
,
R = − i
2
θ˜
∂
∂θ
+
i
2
θ
∂
∂θ˜
+
i
2
ǫµνθµ
∂
∂θν
, (3.47)
where
J ′ = J +R. (3.48)
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3.2 N = 4 twisted superspace in four dimensions
In the previous section we have derived N = 4 twisted SUSY algebra based on the
Dirac-Ka¨hler twisting procedure. In this section we will construct a N = 4 twisted
superspace formalism. The N = 4 twisted supercharges satisfy the algebra (2.15):
{s, sµ} = −i∂µ, {sµ, sρσ} = i(δµρ∂σ − δµσ∂ρ) ≡ iDµ,ρσ,
{s˜, s˜µ} = −i∂µ, {s˜µ, sρσ} = −iǫρσµν∂ν ,
{others} = 0, (3.49)
where we have introduced an explicit representation of momentum Pµ = −i∂µ. We
construct superspace formalism based on this N = 4 twisted SUSY algebra.
The twisted supercharge differential operators generating the parameter shifts
(3.37) and (3.38) for the N = 4 twisted superspace are given by
Q = ∂
∂θ
+
i
2
θµ∂µ,
Qµ = ∂
∂θµ
+
i
2
θ∂µ − i
2
θµν∂
ν ,
Qρσ = ∂
∂θρσ
− i
2
(θρ∂σ − θσ∂ρ) + i
2
θ˜µǫµνρσ∂
ν ,
Q˜µ = ∂
∂θ˜µ
+
i
4
θρσǫρσµν∂
ν +
i
2
θ˜∂µ,
Q˜ = ∂
∂θ˜
+
i
2
θ˜µ∂µ. (3.50)
These differential operators satisfy the following relations:
{Q,Qµ} = i∂µ, {Qµ,Qρσ} = −iDµ,ρσ,
{Q˜, Q˜µ} = i∂µ, {Q˜µ,Qρσ} = iǫρσµν∂ν ,
{others} = 0 (3.51)
where we have introduced the following notations:
Dµ,ρσ ≡ δµρ∂σ − δµσ∂ρ = δµν,ρσ∂ν ,
δµν,ρσ ≡ δµρδνσ − δµσδνρ,
∂θµν
∂θρσ
= δµρ δ
ν
σ − δµσδνρ = δµνρσ. (3.52)
Next we introduce superderivative differential operators {DI} which anticommute
with all differential operators {QI}:
D =
∂
∂θ
− i
2
θµ∂µ,
Dµ =
∂
∂θµ
− i
2
θ∂µ +
i
2
θµν∂
µ,
12
Dρσ =
∂
∂θρσ
+
i
2
(θρ∂σ + θσ∂ρ)− i
2
θ˜µǫµνρσ∂
ν ,
D˜µ =
∂
∂θ˜µ
− i
4
θρσǫρσµν∂
ν − i
2
θ˜∂µ,
D˜ =
∂
∂θ˜
− i
2
θ˜µ∂µ. (3.53)
We use these operators {DI} to impose chiral and anti-chiral conditions and to
reduce the unnecessary degrees of freedom in a twisted superfield. The differential
operator of the twisted Lorentz generator M ′ρσ and the R-symmetry generator Rρσ
are given by
M′ρσ = −iδρσ,αβxα∂β − iδρσ,αβθα
∂
∂θβ
− iδρσ,αβ θ˜α ∂
∂θ˜β
− iδρσ,αβθαγ ∂
∂θβγ
,
Rρσ = − i
2
δρσ,αβθ
α ∂
∂θβ
− i
2
δρσ,αβ θ˜
α ∂
∂θ˜β
− i
2
δρσ,αβθ
αγ ∂
∂θβγ
− i
2
θ
∂
∂θρσ
+
i
4
ǫρσαβ θ˜
∂
∂θαβ
+
i
2
ǫρσαβθ
α ∂
∂θ˜β
+
i
2
ǫρσαβ θ˜
α ∂
∂θβ
+
i
2
θρσ
∂
∂θ
− i
4
ǫρσαβθ
αβ ∂
∂θ˜
, (3.54)
where the newly defined Lorentz generatorsM′ρσ and the original Lorentz generators
Mρσ have the same relation as (2.21),
M′ρσ =Mρσ +Rρσ. (3.55)
3.3 Chiral and anti-chiral superfields
We consider chiral superfield characterized by the following condition:
DΨ(xµ, {θI}) = DρσΨ(xµ, {θI}) = D˜Ψ(xµ, {θI}) = 0, (3.56)
where Ψ has all the {θI} = {θ, θµ, θµν , θ˜µ, θ˜} dependence at this stage. The details
of the twisted chiral superfield formulation for N = D = 2 can be found in [50, 63].
The reason why we call these condition as the chiral condition stems from the Dirac-
Ka¨hler fermion formulation on a lattice. The chiral transformation on a lattice is
interpreted as an interchange between the even sites and odd sites which in turn
can be translated into the interchange between even and odd differential forms.
We may then identify the conditions in (3.56) as the chiral sector of even forms.
There are several possible treatments to solve this type of differential equations. It
is convenient to rewrite the chiral and anti-chiral conditions by using the operator
which satisfy the following relations for the differential operators:
UDU−1 =
∂
∂θ
, UDρσU
−1 =
∂
∂θρσ
, UD˜U−1 =
∂
∂θ˜
,
(3.57)
13
and
U−1DµU =
∂
∂θµ
, U−1D˜µU =
∂
∂θ˜µ
, (3.58)
where
U = e−a
µ∂µ ,
aµ =
i
2
θθµ +
i
2
θνθ
νµ +
i
4
ǫµνρσ θ˜νθρσ − i
2
θ˜µθ˜. (3.59)
Then the chiral conditions (3.56) can be transformed into
∂
∂θ
UΨ(xµ, {θI}) = 0, ∂
∂θρσ
UΨ(xµ, {θI}) = 0, ∂
∂θ˜
UΨ(xµ, {θI}) = 0,
(3.60)
which leads
UΨ(xµ, {θI}) = Ψ′(xµ, θµ, θ˜µ). (3.61)
Then the solution for the original chiral condition (3.56) is obtained as
Ψ(xµ, {θI}) = U−1Ψ′(xµ, θµ, θ˜µ) = Ψ′(yµ, θµ, θ˜µ), (3.62)
where
yµ = xµ + aµ. (3.63)
This solution can be expanded as follows:
Ψ′(yµ, θµ, θ˜µ) = Ψ0(yµ, θ˜µ) + θmΨ1m(y
µ, θ˜µ) +
1
2
θmθnΨ2mn(y
µ, θ˜µ)
+(θ3)mΨ3m(y
µ, θ˜µ) + θ4Ψ4(yµ, θ˜µ), (3.64)
where (θ3)m = 1
3!
θµθν θρǫµνρ
m and θ4 = 1
4!
ǫµνρσθ
µθν θρθσ with {Ψ0, Ψ1m, Ψ2mn, Ψ3m, Ψ4}
defined by
Ψ0(yµ, θ˜µ) = ψ0 + θ˜µψ0,µ +
1
2
θ˜µθ˜νψ0,µν + (θ˜
3)σψ˜0,σ + θ˜
4ψ˜0,
Ψ1m(y
µ, θ˜µ) = ψ1m, + θ˜
µψ1m,µ +
1
2
θ˜µθ˜νψ1m,µν + (θ˜
3)σψ˜1m,σ + θ˜
4ψ˜1m,,
Ψ2mn(y
µ, θ˜µ) = ψ2mn, + θ˜
µψ2mn,µ +
1
2
θ˜µθ˜νψ2mn,µν + (θ˜
3)σψ˜2mn,σ + θ˜
4ψ˜2mn,,
Ψ3m(y
µ, θ˜µ) = ψ3m, + θ˜
µψ3m,µ +
1
2
θ˜µθ˜νψ3m,µν + (θ˜
3)σψ˜3m,σ + θ˜
4ψ˜3m,,
Ψ4(yµ, θ˜µ) = ψ4 + θ˜µψ4,µ +
1
2
θ˜µθ˜νψ4,µν + (θ˜
3)σψ˜4,σ + θ˜
4ψ˜4,
where (θ˜3)σ = 1
3!
θ˜µθ˜ν θ˜ρǫµνρ
σ and θ˜4 = 1
4!
ǫµνρσ θ˜
µθ˜ν θ˜ρθ˜σ.
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The relation given in (3.62) can be understood also from the following relation:
Ψ(xµ, {θ}) = eδθψ0(x) = e(θµsµ+θ˜µs˜µ)e(θs+ 14 θµνsµν+θ˜s˜)eaµ∂µψ0(x)
= e(θ
µsµ+θ˜µs˜µ)e(θs+
1
4
θµνsµν+θ˜s˜)ψ0(y)
= e(θ
µsµ+θ˜µs˜µ)ψ0(y)
= Ψ′(yµ, θµ, θ˜µ), (3.65)
where we can recognize that the all the component fields can be identified as the
fields obtained by operating the twisted supercharge sµ and s˜µ to the parent field
ψ0(y).
Anti-chiral conditions for a superfield are given by
DµΦ(x
µ, {θI}) = D˜µΦ(xµ, {θI}) = 0. (3.66)
Similar to the chiral condition (3.60), we can transform the original anti-chiral con-
dition (3.66) into the following form:
U−1DµUU
−1Φ(xµ, {θI}) = ∂
∂θµ
U−1Φ(xµ, {θI}) = 0,
U−1D˜µUU
−1Φ(xµ, {θI}) = ∂
∂θ˜µ
U−1Φ(xµ, {θI}) = 0, (3.67)
which leads
U−1Φ(xµ, {θI}) = Φ′(xµ, θ, θρσ, θ˜). (3.68)
Then the solution for the original anti-chiral condition (3.66) is obtained as
Φ(xµ, {θI}) = UΦ′(xµ, θ, θρσ, θ˜) = Φ′(wµ, θ, θρσ, θ˜), (3.69)
where
wµ = xµ − aµ. (3.70)
This solution can be expanded as follows:
Φ′(wµ, θ, θ˜, θµν) = Φ0(wµ, θµν) + θΦ1(wµ, θµν) + θ˜Φ2(wµ, θµν) + θθ˜Φ3(wµ, θµν),
(3.71)
with
Φm(wµ, θµν) = φm +
1
2
θabφmab +
1
2!22
θabθcdφmab,bd +
1
3!23
θabθcdθefφmab,bd,ef
+
1
4!27
θabθcdθefθghΓab,cd,ef,gh,ij,klφ˜m
ij,kl
+
1
5!26
θabθcdθefθghθijΓab,cd,ef,gh,ij,klφ˜m
kl
+
1
6!26
θabθcdθefθghθijθklΓab,cd,ef,gh,ij,klφ˜
m, (3.72)
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where (m = 0, 1, 2, 3), Γab,cd,ef,gh,ij,kl is like a six-dimensional totally anti-symmetric
tensor. Independent degrees of freedom of the tensor is six because of the anti-
symmetric nature of the suffix {ab}. We give the definition of Γab,cd,ef,gh,ij,kl and
useful relations in the Appendix B.
Similar to the relation (3.65) the corresponding relation for anti-chiral field (3.69)
can be understood from the following relation as well:
Φ(xµ, {θ}) = eδθφ0(x) = e(θs+ 14 θµνsµν+θ˜s˜)e(θµsµ+θ˜µs˜µ)eaµ∂µφ0(x)
= e(θs+
1
4
θµνsµν+θ˜s˜)e(θ
µsµ+θ˜µs˜µ)φ0(w)
= e(θs+
1
4
θµνsµν+θ˜s˜)φ0(w)
= Φ′(wµ, θ, θρσ, θ˜), (3.73)
where we can again recognize that the all the component fields can be identified as
the fields obtained by operating the twisted supercharge s, s˜ and sµνto the parent
field φ0(w).
The SUSY transformations of the chiral and anti-chiral superfields are given by
sIΨ(x
µ, {θI}) = QIΨ(xµ, {θI}),
sIΦ(x
µ, {θI}) = QIΦ(xµ, {θI}), (3.74)
where {sI} = {s, sµ, sµν , s˜µ, s˜} and {QI} = {Q,Qµ,Qµν , Q˜µ, Q˜}.
These SUSY transformation can be transformed into the following form by using
the operator U :
sIUΨ(x
µ, {θI}) = UQIU−1UΨ(xµ, {θI}),
sIU
−1Φ(xµ, {θI}) = U−1QIUU−1Φ(xµ, {θI}), (3.75)
which can be equivalently written as
sIΨ
′(xµ, θµ, θ˜µ) = Q′IΨ′(xµ, θµ, θ˜µ),
sIΦ
′(xµ, θ, θρσ, θ˜) = Q′′IΦ′(xµ, θ, θρσ, θ˜), (3.76)
where Q′I = UQIU−1 and Q′′I = U−1QIU are given by
Q′ = ∂
∂θ
+ iθµ∂µ, Q˜′ = ∂
∂θ˜
+ iθ˜µ∂µ,
Q′µ =
∂
∂θµ
, Q˜′µ = ∂
∂θ˜µ
,
Q′ρσ =
∂
∂θρσ
− i(θρ∂σ − θσ∂ρ) + iθ˜µǫµνρσ∂ν , (3.77)
Q′′ = ∂
∂θ
, Q˜′′ = ∂
∂θ˜
, Q′′ρσ =
∂
∂θρσ
,
Q′′µ =
∂
∂θµ
+ iθ∂µ − iθµν∂ν ,
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Q˜′′µ =
∂
∂θ˜µ
+
i
2
θρσǫρσµν∂
ν + iθ˜∂µ. (3.78)
The explicit form of the N = 4 twisted SUSY transformation of the component
fields for chiral and anti-chiral superfield are given in the Appendix C.
4 Twisted SUSY invariant actions
Based on the twisted superspace formalism given in the previous section and further
introduction of twisted vector superfield we derive variety of SUSY invariant actions.
4.1 Off-shell N = 4 twisted SUSY invariant action
We first show that a naive extension of the N = D = 2 twisted SUSY invariant
action to N = 4 in four dimensions leads to an action with a lengthy expression.
This is, however, a first nontrivial example of an action which has off-shell N = 4
twisted SUSY invariance.
The chiral and anti-chiral conditions for N = 2 twisted superfield in two dimen-
sions can, respectively, be given by the following conditions:
DΨ(xµ, θ, θ˜, θµ) = 0, D˜Ψ(xµ, θ, θ˜, θµ) = 0 (4.1)
and
DµΨ(x
µ, θ, θ˜, θµ) = 0. (4.2)
Parallel to the formulation given in the previous subsections, we can obtain fermionic
chiral and anti-chiral superfields as
Ψ(xµ, θ, θ˜, θµ) = Ψ′(yµ, θµ) = ieθ
µsµc(y) = ic(y) + θµωµ(y) + iθ
2λ(y),
Ψ(xµ, θ, θ˜, θµ) = Ψ
′
(wµ, θ, θ˜) = ieθs+θ˜s˜c(w) = ic(w) + θb(w) + θ˜φ(w)− iθθ˜ρ(w),
(4.3)
where
yµ = xµ +
i
2
θθµ − i
2
ǫµνθ
ν θ˜,
wµ = xµ − i
2
θθµ +
i
2
ǫµνθ
ν θ˜. (4.4)
Here the parent fields c(y) and c(w) of chiral and anti-chiral superfields are Grass-
mann odd fields. The two-dimensional counterparts of the supercharge operators Q′
in (3.77) and Q′′ in (3.78) are given by
Q′ = ∂
∂θ
+ iθµ∂µ, Q˜′ = ∂
∂θ˜
− iθµǫµν∂ν , Q′µ =
∂
∂θµ
, (4.5)
Q′′ = ∂
∂θ
, Q˜′′ = ∂
∂θ˜
, Q′′µ =
∂
∂θµ
+ iθ∂µ − iθ˜ǫµν∂ν .
(4.6)
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s sµ s˜
c 0 −iωµ 0
ων ∂νc −iǫµνλ −ǫνρ∂ρc
λ ǫµν∂µων 0 −∂µωµ
c¯ −ib 0 −iφ
b 0 ∂µc¯ −iρ
φ iρ −ǫµν∂ν c¯ 0
ρ 0 −∂µφ− ǫµν∂νb 0
Table 1: N = 2 twisted SUSY transformation.
We can then obtain N = 2 twisted SUSY transformation of the component fields of
the (anti-)chiral field which we show in Table 1. The details of the twisted chiral
superfield formulation for N = D = 2 can be found in [50, 63].
Then the bi-linear product of the twisted chiral and anti-chiral superfields leads
to an off-shell N = 2 twisted SUSY invariant action
Sf =
∫
d2x
∫
d4θ (iΨΨ) =
∫
d2x
∫
d4θ eδθ(−icc)
=
∫
d2x ss˜
1
2
ǫµνsµsν(−ic¯c)
=
∫
d2x
(
φǫµν∂µων + b∂
µωµ + i∂µc∂
µc+ iρλ
)
, (4.7)
where δθ is defined in (3.33). This action can be identified as the quantized BF
action with auxiliary fields and has off-shell N = 2 twisted SUSY invariance up to
the surface terms by construction.
As we have seen from the formulation of Dirac-Ka¨hler twist, the two-dimensional
and four-dimensional formulation of the twisted superspace have close similarity. It
is then natural to expect that we can obtain the four-dimensional counterpart of
the action (4.7) which has off-shell twisted N = 4 SYSY invariance. The bi-linear
product of the chiral superfield Ψ in (3.64) and the anti-chiral superfield Φ in (3.71)
leads to the following action:
S =
∫
d4xd16θ Φ(x) Ψ(x) (4.8)
=
∫
d4x{−φ˜3ψ˜4
−iφ˜2∂µψ˜3µ, + iφ˜1∂aψ˜4,a + i
2
Dσ,abφ˜3,abψ˜3,σ − i
2
ǫabcd∂
dφ˜3,bcψ˜4,a
+
1
4
Dσ,abφ˜2,abǫσαβγ∂αψ˜2βγ + 1
2
Dσ,abφ˜1,ab∂cψ˜3,σ,c
− 1
42
ǫµνρσDµ,abDν,cdφ˜3,ab,cdψ˜2ρσ − 1
2
ǫabcd∂
dφ˜2,bc∂δψ˜3δ,a
18
+
1
4
ǫabcd∂
dφ˜1,bcǫaαβγ∂αψ
4
,βγ +
1
4
ǫabcd∂
dDµ,ef φ˜3,bc,ef ψ˜3,µ,a
+φ˜0∂µ∂aψ˜3µ,a +
1
4
ǫabcd∂
d∂f φ˜3,ea,bcψ4,ef + · · · }, (4.9)
where Φ and Ψ are Grassmann odd superfields. Here we display the action up to
the second order of derivative. We show the complete expression of the action in
the Appendix D. As we can see, the full expression of the action is very lengthy and
includes up to the 8-th order of derivatives. In two-dimensional case the action has
an interpretation that it is the quantized version of two-dimensional BF theory [50].
This four-dimensional action does not have an obvious correspondence with a known
action. It is, however, interesting to recognize that this is the first example of the
action which is derived from N = 4 twisted superfields and has the exact off-shell
N = 4 twisted SUSY in four dimensions. To keep the exact off-shell N = 4 twisted
SUSY we need 8-th order derivative terms, which is very non-trivial and can never
be found unless we have twisted superspace formulation.
4.2 N = 2 decomposition of N = 4 twisted SUSY algebra in
four dimensions
In this subsection we introduce a (anti-)self-dual decomposition of the N = 4 twisted
SUSY into two N = 2 twisted SUSY sectors. We decompose twisted supercharges
as follows: 

s± ≡ 1√
2
(s± s˜),
s±µ ≡ 1√2(sµ ± s˜µ),
s±µν ≡ 1√2(sµν ∓ 12ǫµνρσsρσ),
where the second rank tensor twisted supercharge satisfies (anti-)self-dual condition
1
2
ǫµνρσs
±ρσ = ∓s±µν . (4.10)
We may identify this decomposition as self-dual and anti-self-dual decomposition.
These supercharges satisfy the following two N = 2 factorized algebras:
{s±, s±µ } = −i∂µ,
{s±µν , s±ρ } = i(δµν,ρσ∂σ ∓ ǫµνρσ∂σ)
≡ iD±ρ,µν ,
{others} = 0. (4.11)
The supercharges {s+I } ≡ {s+, s+µ , s+µν} are the dual partner of {s−I } ≡ {s−, s−µ , s−µν}
and anticommute with each other. It is interesting to note that the algebras of self-
dual and anti-self-dual supercharges close by themselves and construct twisted N =
2 superalgebra in four dimensions. In other words the N = 4 superalgebra generated
by Dirac-Ka¨hler twist can be decomposed into two dual pairs of N = 2 twisted
superalgebras which we use to formulate N = 2 twisted superspace formalism in the
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later subsection 5.2. Corresponding to the factorization of the supercharges, we can
decompose the superparameters in the similar way by the following relation:
δθ ≡ θs+ θµsµ + 1
2
θµνsµν + θ˜
µs˜µ + θ˜s˜
≡ δθ+ + δθ−, (4.12)
where
δθ+ ≡ θ+s+ + θ+µs+µ +
1
4
θ+µνs+µν ,
δθ− ≡ θ−s− + θ−µs−µ +
1
4
θ−µνs−µν , (4.13)
with 

θ± ≡ 1√
2
(θ ± θ˜),
θ±µ ≡ 1√2(θµ ± θ˜µ),
θ±µν ≡ 1√2(θµν ∓ 12ǫµνρσθρσ).
By using the above dual decomposed superparameters we can find supercharge dif-
ferential operators:
Q± = ∂
∂θ±
+
i
2
θ±µ∂µ,
Q±µ =
∂
∂θ±µ
+
i
2
θ±∂µ − i
2
θ±µν∂
ν ,
Q±µν =
∂
∂θ±µν
− i
2
θ±ρD±ρ,µν , (4.14)
where we introduce the following notations:
D±ρ,µν = δ±µν,ρσ∂σ, (4.15)
δ±µν,ρσ ≡ ∂
∂θ±µν
θ±ρσ = δµρδνσ − δµσδνρ ∓ ǫµνρσ.
These N = 2 supercharge differential operators satisfy the following relations:
{Q±,Q±µ } = i∂µ,
{Q±µν ,Q±ρ } = −iD±ρ,µν ,
{others} = 0, (4.16)
where the sign of the spacetime derivative is reversed with respect to the algebra
(4.11). Similar to the N = 4 full twisted algebra, we introduce superdifferential
operators which anticommute with all the supercharge differential operators {Q±I },
D
± =
∂
∂θ±
− i
2
θ±µ∂µ,
D
±
µ =
∂
∂θ±µ
− i
2
θ±∂µ +
i
2
θ±µν∂
ν ,
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D
±
µν =
∂
∂θ±µν
+
i
2
θ±ρD±ρ,µν , (4.17)
which satisfy the same algebra as (4.11) with replacements: s±I → D±I .
We now consider only the positive part of supercharges {s+I }, the correspond-
ing supercharge differential operators {Q+I } and superdifferential operators {D+I },
which fulfill N = 2 twisted SUSY algebra in four dimensions. We can impose chiral
and anti-chiral conditions by using these four-dimensional N = 2 positive superdif-
ferential operators:
D
+Φ = D+µνΦ = 0, (4.18)
D
+
µΨ = 0. (4.19)
The following combination of the coordinates satisfy the chiral condition (4.18):
{
yµ = xµ + i
2
θ+θ+µ − i
2
θ+ν θ
+µν ,
θ+µ.
Thus the general solution of chiral superfield Φ can be given by
Φ(yµ, θ+µ) = eθ
+µs+µ φ = φ+ θ+µCµ +
1
2
θ+µθ+νφµν + θ
3+
µ ψ˜
µ + θ4+φ˜. (4.20)
where θ3+µ ≡ 13!ǫµνρσθ+νθ+ρθ+σ, θ4+ ≡ 14!ǫµνρσθ+µθ+νθ+ρθ+σ. We show the twisted
N = 2 SUSY transformation of the Abelian chiral multiplets of the superfield in
Table 2. We can now define the following action:
s+ s+µ s
+
A
φ 0 Cµ 0
Cν −i∂νφ −φµν iDν,Aφ
φρσ i(∂ρCσ − ∂σCρ) −ǫµρσν ψ˜ν −i(Dρ,ACσ −Dσ,ACρ)
ψ˜ν − i2ǫνρσµ∂µφρσ −δµν φ˜ i2Dµ,Aǫνµρσφρσ
φ˜ i∂µψ˜µ 0 −iDµ,Aψ˜µ
Table 2: Twisted N = 2 SUSY transformation of Abelian chiral multiplets.
S =
∫
d4yd4θ (Φ(y, θ+µ))2
=
∫
d4y
1
4!
ǫµνρσs+µ s
+
ν s
+
ρ s
+
σ (φ
2)
= 2
∫
d4x{φφ˜− Cµψ˜µ + 1
8
ǫµνρσφµνφρσ}, (4.21)
where the coordinate shift yµ → xµ is allowed since this action includes only chiral
superfield which has only yµ dependence. Due to this possible coordinate shift the
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action does not include any derivative terms. It should be compared with the action
of previous subsection which has a bilinear form of chiral and anti-chiral superfields
and each of the superfield has different chiral coordinate dependence, which is the
origin of generating derivatives.
Next we consider the anti-chiral condition (4.19). We find that the following
combination of coordinate satisfies the condition:{
wµ = xµ − i
2
θ+θ+µ + i
2
θ+ν θ
+µν ,
θ+, θ+A.
Then the general solution for anti-chiral superfield can be given by
Ψ(w, θ+, θ+A) = eθ
+s++ 1
4
θµνs+µνφ
= φ+
1
4
θ+Aχ+A +
1
4
(θ2+)AM˜+A + (θ
3+)χ˜
+θ+(χ+
1
4
θ+AN+A +
1
4
(θ2+)Aχ˜+A + (θ
3+)L), (4.22)
where (θ2+)A ≡ 12·42Γ+ABCθ+Bθ+C and (θ3+) ≡ 13!·43Γ+ABCθ+Aθ+Bθ+C . Here the suf-
fixes A,B,C denote tensor suffix, for example φ+Aψ
+A stands for φ+µνψ
+µν . Γ±ABC is
defined as follows:
Γ±µα,νβ,ργ = δανδβρδγµ + δµνδβγδρα + δαβδνγδρµ + δµβδνρδγα
−(δανδβγδρµ + δµνδβρδγα + δαβδνρδγµ + δµβδνγδρα)
∓εµαβγδνρ ∓ εµανρδβγ ± εµανγδβρ ± εµαβρδνγ . (4.23)
We summarize details of tensor notations and useful formulae in Appendix E. We
show twisted N = 2 SUSY transformation of Abelian anti-chiral multiplets in Table
3.
s+ s+µ s
+
A
φ χ 0 χ+A
χ+B −N+B iDµ,Bφ −14Γ+ABCM+C
M+B χ˜
+
B − i4Γ+BµνC∂νχ+C δ+ABχ˜
χ˜ −L i∂νM+µν 0
χ 0 −i∂µφ N+A
N+B 0 i(∂µχ
+
B +D+µ,Bχ) −14Γ+ABC χ˜+C
χ˜+B 0 −i(∂µM+B + i4Γ+BµνC∂νN+C) δ+ABL
L 0 i(∂µχ˜+ ∂
ν χ˜+µν) 0
Table 3: Twisted N = 2 SUSY transformation of Abelian anti-chiral multiplets
A twisted N = 2 SUSY invariant action can be also obtained by anti-chiral
superfield as
S =
∫
d4wd4θ(Ψ(w, θ+, θ+A))
2
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=∫
d4w s+
1
3!43
Γ+A,B,Cs+As
+
Bs
+
C(φ
2
)
=
∫
d4x{φL+ 1
4
χ+Aχ˜
+A +
1
4
M+AN
+A + χ˜χ}, (4.24)
where we make the coordinate shift wµ → xµ again. By the same reason as the previ-
ous action there is no derivative in the action. The action has N = 2 twisted SUSY
invariance where the supertransformation of the anti-chiral superfield is given in
Table 3. In the following subsection we introduce superconnection formalism where
several constraints will be introduced. The constraints relate the chiral and anti-
chiral superfields and generate derivatives and eventually super Yang-Mills actions
can be generated.
4.3 Vector superfield and gauge symmetry for N = 4 twisted
SUSY invariant actions
In this subsection we propose to formulate a twisted version of vector superfield to
derive supergauge invariant actions. Using the operators {D±I } defined in (4.17), we
may impose two types of chiral conditions. The first type is given as follows:
D
+Ψ = D−Ψ = D+µνΨ = D
−
µνΨ = 0, (4.25)
D
+
µΦ = D
−
µΦ = 0, (4.26)
which are essentially equivalent to the previous chiral conditions (3.56) and (3.66),
respectively. Here we propose to impose other type of chiral conditions
D
+Φ+ = D+µνΦ
+ = D−µΦ
+ = 0, (4.27)
D
−Φ− = D−µνΦ
− = D+µΦ
− = 0, (4.28)
where we find that these conditions are mutually transformed into each other by
the replacement: +↔ −. We may loosely abuse the words, chiral and anti-chiral in
this section, instead of self-dual and anti-self-dual of the previous subsection, and
call (4.27) as a chiral condition for a chiral superfield Φ+ and (4.28) as an anti-chiral
condition for an anti-chiral superfield Φ−.
The simplest way to find a general solution of the chiral condition (4.27) is to
recognize that the following parameters are solution of the chiral condition:{
y+−µ = xµ + a+µ − a−µ,
θ−, θ−µν , θ
+
µ ,
where
a±µ =
i
2
θ±θ±µ +
i
2
θ±ρ θ
±ρµ. (4.29)
Therefore a general solution of the chiral condition (4.27) is given by an arbitrary
function of these parameters:
Φ+ = Φ+(y+−µ, θ−, θ−µν , θ
+
µ ). (4.30)
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Similarly we find that the following parameters satisfy the anti-chiral condition
(4.28), {
y−+µ = xµ − a+µ + a−µ,
θ+, θ+µν , θ
−
µ .
Thus a general solution can be given by
Φ− = Φ−(y−+µ, θ+, θ+µν , θ
−
µ ). (4.31)
Supertransformation of the component fields of these chiral superfields can be ob-
tained by the similar procedure as in the subsection 3.3. We, however, don’t bother
to write them explicitly here.
Let us now introduce an operator P which interchanges the chirality of the
superparameters and coordinate, +↔ −:
P{y±∓µ, θ∓, θ∓µν , θ±µ } = {y∓±µ, θ±, θ±µν , θ∓µ }. (4.32)
We define a chiral and anti-chiral superfields; Λ+ and Λ−, which satisfy the
following conditions:
D
+Λ+ = D+µνΛ
+ = D−µΛ
+ = 0, (4.33)
D
−Λ− = D−µνΛ
− = D+µΛ
− = 0. (4.34)
A chiral pair of superfields Λ+ and Λ− which satisfy these chirally conjugate condi-
tions can be related by the following conjugate relation:
PΛ±(y±∓µ, θ∓, θ∓µν , θ
±
µ ) = Λ
∓(y∓±µ, θ±, θ±µν , θ
∓
µ ). (4.35)
These chiral and anti-chiral superfields can be expanded into component fields as
follows:
Λ±(y±∓µ, θ∓, θ∓µν , θ
±
µ ) = λ
±
0 (x) + θ
±µλ±1µ(x) +
1
4
θ∓Aλ±1A(x) + θ
∓λ±1 (x)
+
1
2
θ±µθ±νλ±2µν(x) +
1
4
θ∓Aθ±µλ±2A,µ(x) +
1
4
θ∓Aθ∓Bλ±2AB(x)
+θ∓θ±µλ±2µ(x) +
1
4
θ∓θ∓Aλ±2A(x)
+
i
2
θ±θ±µ∂µλ
±
0 (x) +
i
2
θ±ρ θ
±ρµ∂µλ
±
0 (x)−
i
2
θ∓θ∓µ∂µλ
±
0 (x)
− i
2
θ∓ρ θ
∓ρµ∂µλ
±
0 (x) + · · · ,
where we have expanded up to the second order of twisted superparameters.
We define the vector superfield which satisfies the following condition:
PV (xµ, θ±, θ±µ , θ
±
µν) = V (x
µ, θ±, θ±µ , θ
±
µν). (4.36)
Here we can introduce the following chiral supergauge transformation for the vector
superfield:
eV → e−Λ−eV e−Λ+
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e−V → eΛ+e−V eΛ− , (4.37)
where we may consider non-Abelian vector superfield and thus the two chiral gauge
superparameters Λ+,Λ− may carry non-Abelian nature and should satisfy the chiral
and anti-chiral conditions (4.33) and (4.34), respectively. Then the small supergauge
transformation can be given by
δV = −Λ+ − Λ− − 1
2
[V,Λ+ − Λ−] + · · · . (4.38)
The vector superfield can be expanded into component fields as follows:
V = A0(x) + θ
+µA+1µ +
1
4
θ−AA−1A + θ
−A−1
+ θ−µA−1µ +
1
4
θ+AA+1A + θ
+A+1
+ θ+θ+µA+2µ + θ
−θ−µA−2µ
+ θ+ρ θ
+ρµB+2µ + θ
−
ρ θ
−ρµB−2µ · · · , (4.39)
where we keep only some of the component fields in the second order superparameter
terms.
As we can see from the small supergauge transformation (4.38) we can gauge
away the component fields (A0, A
±
1µ, A
±
1A, A
±
1 , · · · ) by the corresponding gauge pa-
rameters (−λ+0 − λ−0 , λ±1µ, λ∓1A, λ∓1 , · · · ), respectively. In fact we can recognize that
all the component fields of the vector superfield, which are coefficients of any combi-
nation of the product (θ−, θ−µν , θ
+
µ ) or (θ
+, θ+µν , θ
−
µ ), can be gauged away. We identify
this gauging away procedure as Wess-Zumino gauge choice. Then we can find gauge
fields A±2µ and B
±
2µ which have the following gauge transformation:
δA±2µ(x) = −
i
2
∂µ(λ
±
0 (x)− λ∓0 (x))−
i
2
[A±2µ(x), λ
±
0 (x)− λ∓0 (x)],
δB±2µ(x) = −
i
2
∂µ(λ
±
0 (x)− λ∓0 (x))−
i
2
[B±2µ(x), λ
±
0 (x)− λ∓0 (x)]. (4.40)
It is interesting to note that there is only one chiral pair of gauge parameters
− i
2
(λ±0 (x)− λ∓0 (x)) for two chiral pairs of gauge fields A±2µ and B±2µ.
Next we consider the gauge invariant quantity which satisfies the chiral constraint
(4.27). We first define the following differential operator:
D
8+ ≡ D+ 1
3!43
Γ+ABCD+AD
+
BD
+
C
1
4!
ǫµνρσD−µD
−
ν D
−
ρ D
−
σ , (4.41)
where the suffixes A,B,C denote tensor suffixes similar as in (4.22) and Γ+ABC is
defined in (4.23). Since the chiral and anti-chiral supergauge parameters Λ+ and
Λ− satisfy the chiral and anti-chiral conditions, they satisfy the following relations:
e∓Λ
±
(D±,D±µν ,D
∓
µ ) = (D
±,D±µν ,D
∓
µ )e
∓Λ±. (4.42)
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When the differential operator D8+ is applied to a general superfield Φ, D8+Φ
satisfies the chiral condition (4.27) up to possible total divergence terms. It is
then possible to find all the possible chiral invariant combinations of the differential
operators {D−,D−A,D+µ } acting on a vector superfield eV :
W 1− = D8+e−VD−eV , W 1−A = D
8+e−VD−Ae
V , W 1+µ = D
8+e−VD+µ e
V ,
W 2−A = D
8+e−V (D2−)Ae
V , W 2+µν = D
8+e−V (D2+)µνe
V , W 2−µ = D
8+e−VD−D−Ae
V ,
W 3− = D8+e−V (D3−)eV , W 3+µ = D
8+e−V (D3+)µe
V , W 3−A = D
8+e−VD−(D2−)Ae
V ,
W 4− = D8+e−VD−(D3−)eV , W˜ 4+ = D8+e−V (D4+)eV , (4.43)
where
(D2−)A =
1
2! · 43Γ
−
ABCD
−B
D
−C , (D2+)µν =
1
2
ǫµνρσD
+ρ
D
+σ,
(D3−) =
1
3! · 42Γ
−
ABCD
−A
D
−B
D
−C , (D3+)µ =
1
3!
ǫµνρσD
+ν
D
+ρ
D
+σ,
(D4+) =
1
4!
ǫµνρσD
+µ
D
+ν
D
+ρ
D
+σ. (4.44)
These “supercurvature” terms {WI} transform adjointly under a supergauge trans-
formation and satisfy the chiral condition (4.27). Opposite chiral combinations of
the “supercurvature” terms can be obtained simply by the interchange of the chi-
rality for the above terms: +↔ −.
We can then formally construct a variety of supergauge invariant actions which
have off-shell N = 4 twisted SUSY and non-Abelian gauge symmetry;
S1 =
∫
d4x d8+θ Tr(W 1−W 1−), (4.45)
S2 =
∫
d4x d8+θ Tr(W 4−W˜ 4+),
· · · . (4.46)
where
d8+θ = dθ−
1
3! · 43Γ
−
ABCdθ
−Adθ−Bdθ−C
1
4!
ǫµνρσdθ
+µdθ+νdθ+ρdθ+σ. (4.47)
It should be noted that the chiral superfields {WI} given above are function of
(y+−µ, θ−, θ−A , θ
+
µ ) and thus the coordinate change y
+−µ → xµ is allowed since the
action includes only the chiral superfields and thus d8+θ include only chiral super-
parameters.
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These actions are highly reducible in the sense that they may include too many
superfluous component fields even if we take the Wess-Zumino gauge. As we have
shown in the previous subsection 4.1 and in the Appendix D, the N = 4 twisted
supersymmetric action constructed from chiral and anti-chiral pair of superfields
have included too many terms. We expect that these gauge invariant actions given
above include too many fields as well when they are expressed by the component
fields.
It is, however, not unreasonable to expect that these actions may include twisted
N = 4 super Yang-Mills terms in the action since they include gauge fields as we
have shown in (4.40). If we try to find how the suspected gauge fields, A±2µ and B
±
2µ
are included in the action, we find too many spacetime derivatives. For example
in the Abelian gauge we can consider how the gauge field A+2µ survives after the
operation of D8+D− and before the integration dθ8+ in
W 1− = D8+D−V = D8+D−(· · ·+ θ+θ+µA+2µ + · · · )
= − 1
3! · 434!(
i
2
)7Γ−ABCθ+αθ+βθ+γD+α,AD+β,BD+γ,C
ǫµνρσ(θ−∂ν − θ−νν′∂ν
′
)(θ−∂ρ − θ−ρρ′∂ρ
′
)(θ−∂σ − θ−σσ′∂σ
′
)θ+τ∂µA
+
2τ + · · · .
As we can see that this term includes 7-th power of spacetime derivative. Other
component gauge fields include higher derivatives as well. Thus the action (4.45)
and (4.46) include the gauge terms but higher derivatives are accompanied and then
Yang-Mills term is missing. We may further need to impose constraints in addition
to the chiral conditions to find super Yang-Mills actions in the vector superfield
formulation. In the next section we introduce superconnection to the corresponding
superderivatives and impose constraints to find super Yang-Mills action.
5 Superconnection formalism
5.1 N = 2 superconnection formalism in two dimensions
In the previous subsection we have given a general formulation to obtain off-shell
N = 4 twisted SUSY invariant and gauge invariant actions by introducing vector
superfield. The supergauge invariance was introduced by the transformation of the
vector superfield. It turned out that the proposed supergauge invariant actions in-
clude too higher derivatives and thus we expect that it is necessary to impose further
constraints to find twisted N = 4 SUSY invariant Yang-Mills action. Here we pro-
pose an alternative approach, twisted superconnection formalism, to find supergauge
invariant actions. A similar type of formulation was proposed by Labastida and his
collaborators by the spinor notations [53, 54]. Here the formulation is based on
the Dirac-Ka¨hler twist to generate twisted superspace. Since the four-dimensional
twisted N = 4 SUSY invariant formulation is expected to be obtained quite parallel
to the two-dimensional N = 2 version of the formulation, we first show the simpler
twisted N = D = 2 formulation of superconnection formalism.
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We first introduce fermionic superconnection {ΓI} which allows us to define the
following gauge superspace covariant derivatives:
∇ ≡ D− iΓ,
∇˜ ≡ D˜− iΓ˜,
∇µ ≡ Dµ − iΓµ, (5.1)
where D, D˜ and Dµ are two-dimensional superderivatives defined in (3.45) and sat-
isfy the N = 2 twisted SUSY algebra (3.46). We further introduce the following
bosonic covariant derivative:
∇µ ≡ ∂µ − iΓµ, (5.2)
where the lowest θ independent component of Γµ is identified as the usual gauge
field: Γµ|θ=0 = ωµ. We call them as supercovariant derivatives. It should be noted
that these superconnections {ΓI} are superfields.
Corresponding to the superconnections {ΓI}, we can introduce the following
supergauge transformation:
δgaugeΓI = ∇IK ≡ DIK − i[ΓI , K], (5.3)
where K is an arbitrary superfield. Since the superconnections include many su-
perfluous component fields, we gauge away them by the supergauge freedom of the
superfield K, by taking Wess-Zumino gauge, and keep the usual gauge degrees of
freedom.
Even after the Wess-Zumino gauge fixing, we still have many component fields.
In the superconnection formalism we impose reasonable constraints to reduce the
unnecessary component fields in the superfields. In general the anticommutators of
those supercovariant derivatives {∇I} = {∇, ∇˜,∇µ} have the following form:
{∇I ,∇J} = TIJµ∇µ − iFIJ , (5.4)
where we identify FIJ as supercurvatures and TIJµ as superspace torsions with a
possible bosonic covariant derivative ∇µ. We also introduce fermionic supercurva-
ture
[∇I ,∇ν ] = −iFIν , (5.5)
and a bosonic curvature which includes usual curvature term:
[∇µ,∇ν ] = −iFµν , (5.6)
where torsion terms are suppressed. The lowest (θ-independent) component of Fµν
coincides with the usual curvature:
Fµν |θ=0 ≡ Fµν = ∂µων − ∂νωµ − i[ωµ, ων ]. (5.7)
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∇ ∇˜ ∇ν ∇ν
∇ −iW1 −iW3 −i∇ν − iFν −iFν
∇˜ −iW2 iǫνρ∇ρ − iF˜ν −iF˜ν
∇µ −iFµν −iFµν
∇µ −iFµν
Table 4: Definition of supercurvature.
We summarize the commutators and anticommutators of these supercovariant deriva-
tives in Table 4 where torsion terms are supecified as in the Table.
In order to suppress superfluous component fields we propose to impose the
following constraints on the supercurvatures:
W1 =W2 ≡ W , W3 = 0 , Fµν ≡ δµνF, Fµ = F˜µ = 0. (5.8)
We eventually find out that these constraints are necessary conditions to derive
twisted N = 2 SUSY invariant Yang-Mills actions and can be interpreted as sup-
pression conditions of higher spin fields from the superspace. In the Appendix F
we explicitly show in the details how the component fields of the superconnection
can be gauged away, by taking Wess-Zumino gauge, to be consistent with these
constraints.
We can then obtain series of nontrivial relations via Jacobi identity of these
supercovariant derivatives. For example,
[∇, {∇˜,∇µ}] + [∇˜, {∇,∇µ}] + [∇µ, {∇, ∇˜}] = 0,
→ [∇, iǫµν∇ν ] + [∇˜,−i∇µ] + [∇µ, 0] = 0,
→ ǫµνFν − F˜µ = 0. (5.9)
We can similarly obtain other identities,
∇W ≡ DW − i[Γ,W] = 0, (5.10)
∇˜W ≡ D˜W − i[Γ˜,W] = 0, (5.11)
∇µF ≡ DµF − i[Γµ,F ] = 0, (5.12)
Fµ = − i
2
∇µW, (5.13)
F˜µ = − i
2
ǫµν∇νW, (5.14)
Fµν = − i
2
δµν∇F + i
2
ǫµν∇˜F , (5.15)
Fµν = −1
2
ǫµν∇∇˜F + i
4
ǫµνǫ
ρσ∇ρ∇σW, (5.16)
where we assume that the gauge algebra is non-Abelian.
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If the gauge algebra is Abelian the first three conditions (5.10),(5.11) and (5.12)
are simplified and lead to chiral and anti-chiral conditions,
DW = D˜W = 0, (5.17)
DµF = 0. (5.18)
Following to the same procedure given in subsection 4.1, we find the following com-
ponent expansion of chiral and anti-chiral superfields:
W(y) = A+ θµλµ + θ2D, (5.19)
F(w) = B + θρ+ θ˜ρ˜+ θθ˜E. (5.20)
The lowest (θ = 0) component of the constraint (5.16) in the Abelian case leads to
the following relation:
−D + E = ǫµνFµν , (5.21)
where Fµν ≡ ∂µων − ∂νωµ. Since the explicit form of the chiral and anti-chiral
superfields is given, the N = 2 twisted SUSY transformation of the component
fields can be obtained by the same procedure of subsection 4.1.
In the case of non-Abelian gauge group the constraints (5.10) (5.11) and (5.12)
are not (anti-)chiral condition anymore, we cannot obtain the component field ex-
pansion of (anti-)chiral superfield easily like in the Abelian case. We thus proceed
differently to obtain the component field expansion of (anti-)chiral superfield. We
first derive twisted SUSY transformation of the all component fields of the (anti-
)chiral superfield by using the constraints obtained from the Jacobi identities.
We first identify the lowest component of the superfields as follows:
W| = A, ∇µW| = λµ, 1
2
ǫµν∇µ∇νW| = −D, (5.22)
F| = B, ∇F| = ρ, ∇˜F| = ρ˜, ∇∇˜F| = −E, (5.23)
where | = |θ=0.
For example the SUSY transformation of the field A can be derived by the
constraint (5.10),
sA = sW| = ∇W| = [∇, i{∇,∇}]| = 0, (5.24)
where we can replace s with ∇ since the θ-independent terms coincide due to the
choice of Wess-Zumino gauge. We show another example in the following:
sρ = s∇F| = ∇∇F|
= ∇(DF − i[Γ,F ])|
= D(DF − i[Γ,F ])| − i{Γ,DF − i[Γ,F ]}|
= −i[DΓ,F ]| − {Γ, [Γ,F ]}|
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= −i[DΓ− iΓ2,F ]|, (5.25)
where
− iW = {∇,∇} = {D− iΓ,D− iΓ} = −2iDΓ− 2Γ2.
We then find
sρ = − i
2
[W,F ]| = − i
2
[A,B]. (5.26)
Similarly we can find twisted SUSY transformation of all component fields, which
we show in Table 5, where we introduce the notation of usual covariant derivative:
Dµ = ∂µ − i[ωµ, · · · ].
s sµ s˜
A 0 λµ 0
λν −iDνA −ǫµνD + i2δµν [A,B] iǫνρDρA
D iǫµνDµλν +
i
2
[A, ρ˜] i
2
[B, ǫµνλ
ν ] −iDµλµ − i2 [A, ρ]
B ρ 0 ρ˜
ρ − i
2
[A,B] −iDµB E
ρ˜ −E iǫµνDνB − i2 [A,B]
E i
2
[A, ρ˜] iDµρ˜+ iǫµνD
νρ+ i
2
[B, ǫµνλ
ν ] − i
2
[A, ρ]
G iǫµνDµλν + i[A, ρ˜] iDµρ˜+ iǫµνD
νρ+ i[B, ǫµνλ
ν ] −iDµλµ − i[A, ρ]
ων − i2λν i2(ǫµν ρ˜− δµνρ) − i2ǫνρλρ
Table 5: Twisted N = 2 SUSY transformation of the component fields of non-
Abelian super Yang-Mills theory with Dµ = ∂µ − i[ωµ, · · · ].
The SUSY transformation of the gauge field can be derived as follows. The
lowest components of the constraint (5.16),
Fµν | = −1
2
ǫµν∇∇˜F|+ i
4
ǫµνǫ
ρσ∇ρ∇σW|, (5.27)
leads
Fµν =
1
2
ǫµν(E −D), (5.28)
where Fµν ≡ ∂µων − ∂νωµ − i[ωµ, ων]. Here we define a new field
G = E +D, (5.29)
and then the degrees of freedom of E and D can be replaced by ǫµνFµν and G.
Operating s charge on (5.28), we obtain the following relation:
sE − sD = −iǫµνDµλν
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= 2(ǫµν∂µsων − iǫµν [sωµ, ων]) = 2ǫµνDµsων , (5.30)
where we have used the s transformation of E and D from the Table 5. Thus the s
transformation law of the gauge filed can be identified up to the gauge transformation
as follows:
sωµ = − i
2
λµ. (5.31)
We can derive other twisted supercharge transformations of the gauge field in the
similar way. It should be understood in the Table 5 that the transformation of the
fields E and D can be replaced by that of G and the gauge field ωµ due to the
relations (5.28) and (5.29).
As we can see in the identification of SUSY transformation in (5.30), the twisted
SUSY algebra is expected to be valid up to some gauge transformations. We can
confirm that the twisted SUSY algebra is in fact valid up to the gauge transformation
with the following specific choice of gauge parameters:
{s, s}ϕ = δgauge (−A)ϕ,
{sµ, sν}ϕ = δµνδgauge (−B)ϕ,
{s˜, s˜}ϕ = δgauge (−A)ϕ,
{s, sµ}ϕ = −i∂µϕ+ δgauge (iωµ)ϕ,
{s˜, sµ}ϕ = iǫµρ∂ρϕ+ δgauge (−iǫµρωρ)ϕ,
{s, s˜} = 0, (5.32)
where δgauge (ǫ) denotes gauge transformation of parameter ǫ for any component fields
{ϕ} = {A, λµ, D,B, ρ, ρ˜ E, ωµ}.
Since we now know all the twisted N = 2 SUSY transformation of the component
fields of the superfields F andW, we can reconstruct the component fields expansion
of these superfields. Since A and B are parent fields of F and W, respectively, we
may define as
W = eδθA, (5.33)
F = eδθB. (5.34)
Explicit forms of W and F are
W(x) = A + θθµ i
2
DµA+ θ
µθ˜
i
2
ǫµνD
νA+ θ4
1
4
DµDµA
+ θµλµ + θθ
2 i
2
ǫµνDµλν − θ2θ˜ i
2
Dµλµ
+ θ2D
+ θθ2
i
3
[A, ρ˜]− θ2θ˜ i
3
[A, ρ] + θθµθ˜
i
6
[A, ǫµνλ
ν ]
− θ4 i
6
{λµ, λµ}+ θ4 1
8
[A, [A,B]], (5.35)
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F(x) = B − θθµ i
2
DµB − θµθ˜ i
2
ǫµνD
νB + θ4
1
4
DµDµB
+ θρ− θθµθ˜ i
2
ǫµνD
νρ
+ θ˜ρ˜− θθµθ˜ i
2
Dµρ˜
+ θθ˜(F +D)
+ θθ2
i
6
[ρ˜, B]− θ2θ˜ i
6
[ρ, B] + θθµθ˜
i
3
[ǫµνλ
ν , B]
+ θ4{1
8
[B, [B,A]]− i
6
{ρ, ρ} − i
6
{ρ˜, ρ˜}}. (5.36)
Using the superfields F and W, we can construct off-shell N = 2 twisted SUSY
invariant action with non-Abelian gauge symmetry:
S =
∫
d2xd4θ TrW(x)F(x)
=
∫
d2x
1
2
sǫµνsµsν s˜ Tr(AB)
=
∫
d2x Tr
(− 1
2
FµνF
µν +
G2
4
+DµDµA B − iDµλµ ρ− iǫµνDµλν ρ˜
−1
4
[A,B]2 − i
2
{ρ, ρ}A− i
2
{ρ˜, ρ˜}A− i
2
{λµ, λµ}B
)
. (5.37)
We identify this action as off-shell twisted N = 2 SUSY invariant super Yang-Mills
action. This action is equivalent to the kinetic terms of quantized topological Yang-
Mills action which was derived previously [41, 50].
5.2 N = 2 superconnection formalism in four dimensions
As we show in the previous subsection twisted N = 2 SUSY invariant super Yang-
Mills action has been derived by the superconnection formalim in two dimensions.
Based on the philosophy of Dirac-Ka¨hler twisting procedure we naively expect that
twisted N = 4 SUSY invariant super Yang-Mills action may be derived by the su-
perconnection formalism parallel to the N = D = 2 superconnection formalism.
It turns out that it is highly nontrivial to find out twisted N = 4 counterparts of
the constraints (5.8) in a systematic way. Instead here we consider superconnection
formalism of N = 2 truncated version of twisted N = 4 SUSY algebra, which is
given in subsection 4.2. This formulation is closely related to the N = 2 formu-
lation given by Alvarez and Labastida who used spinor formulation of usual four-
dimensional extended N = 2 SUSY algebra [54]. Hereafter we omit the + suffix from
N = 2 twisted SUSY counterpart decomposed from N = 4 twisted SUSY for su-
percharges and differential operators; {s+I } = {s+, s+µ , s+µν}, {D+I } = {D+,D+µ ,D+µν}
and {Q+I } = {Q+,Q+µ ,Q+µν}.
As in the two-dimensional formulation we first introduce supercovariant deriva-
tives by introducing fermionic superconnections Γ0,Γµ,Γµν and a bosonic supercon-
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nection Γµ,
∇0 = D− iΓ0,
∇µ = Dµ − iΓµ,
∇µν = Dµν − iΓµν ,
∇µ = ∂µ − iΓµ,
(5.38)
where the superderivative differential operators D+ = D,D+µ = Dµ and D+µν = Dµν
are given in (4.17) and satisfy the four-dimensional N = 2 twisted SUSY algebra
(4.11) with replacements: s±I → D±I . The lowest (θ = 0) component of the connec-
tion Γµ is identified as the usual gauge field Γµ|θ=0 = ωµ.
We can introduce the following supergauge transformation:
δgaugeΓI = ∇IK ≡ DIK − i[ΓI , K], (5.39)
where K is an arbitrary superfield. We gauge away superfluous component fields by
the supergauge freedom of the superfield K by taking Wess-Zumino gauge and keep
the usual gauge degrees of freedom.
Parallel to the two-dimensional notations we summarize the commutators and
anticommutators of these supercovariant derivatives in Table 6. Here the lowest
∇0 ∇B ∇ν ∇ν
∇0 −iF0,0 −iF0,B −i∇ν − iF0,ν −iF0,ν
∇A −iFA,B iδ+A,νρ∇ρ − iFν,A −iFA,ν
∇µ −iFµ,ν −iFµ,ν
∇µ −iFµ,ν
Table 6: Definition of N = 2 Supercurvatures
component of Fµ,ν is usual curvature:
Fµ,ν | = Fµν = ∂µων − ∂νωµ − i[ωµ, ων ]. (5.40)
We impose the following constraints:
FA,B = δ+A,BF0,0,
Fµ,ν = δµνW,
F0,µ = F0,A = Fν,A = 0, (5.41)
which can be interpreted as the suppression conditions of higher spin fields to con-
struct twisted N = 2 super Yang-Mills multiplets. Then the Table 6 changes into
Table 7 after taking into account the constraints.
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∇0 ∇B ∇ν ∇ν
∇0 −iF0,0 0 −i∇ν −iF0,ν
∇A −iδ+A,BF0,0 iδ+A,νρ∇ρ −iFA,ν
∇µ −iδµνW −iFµ,ν
∇µ −iFµ,ν
Table 7: N = 2 Supercurvatures after the constraints
Since we have imposed the constraints (5.41), we can obtain series of nontrivial
relations by Jacobi identities:
∇0F0,0 ≡ DF0,0 − i[Γ0,F0,0] = 0, (5.42)
∇AF0,0 ≡ DAF0,0 − i[ΓA,F0,0] = 0, (5.43)
∇µW ≡ DµW − i[Γµ,W] = 0, (5.44)
F0µ = − i
2
∇µF0,0, (5.45)
FAµ = − i
2
δA,µν∇νF0,0, (5.46)
Fµν = − i
2
δµν∇0W + i
2
∇µνW, (5.47)
Fµν = −1
2
∇0∇µνW + 1
4
(∇µ∇ν −∇ν∇µ)F0,0, (5.48)
δ+A,νρ∇µ∇ρF0,0, −
1
2
δ+A,µρ(∇ν∇ρ −∇ρ∇ν)F0,0,
+ δµν∇A∇0W −∇A∇µνW + δ+A,µρ∇0∇νρW = 0, (5.49)
where we assume that the gauge algebra is non-Abelian.
5.2.1 Abelian case
If the gauge algebra is Abelian the first three constraints (5.42), (5.43) and (5.44)
turn into the chiral and anti-chiral constraints:
D0F0,0 = 0, DAF0,0 = 0, (5.50)
DµW = 0. (5.51)
We can solve these chiral and anti-chiral constraints (5.50) and (5.51), respectively,
and expand these superfields as follows:
F0,0(y, θ+µ) = φ+ θ+µCµ + 1
2
θ+µθ+νφµν + θ
3+
µ ψ˜
µ + θ4+φ˜,
W(w, θ+, θ+A) = φ+ 1
4
θAχ+A +
1
4
(θ2+)AM+A + (θ
3+)χ˜
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+θ+(χ +
1
4
θAN+A +
1
4
(θ2+)Aχ˜+A + (θ
3+)L). (5.52)
In two-dimensional N = 2 case we have obtained only one relation (5.21) between
the usual curvature and the component fields of chiral and anti-chiral superfields. In
four-dimensional twisted N = 2 formulation the constraints (5.48) and (5.49) lead
to the following relations:
φ˜ = −∂2φ,
ψ˜µ = i(∂µχ− ∂νχ+µν),
φA ≡ φ+A + φ−A = φ+A − 2F−A , (5.53)
N+A = φ
+
A + 2F
+
A ,
M+A = φ
+
A − 2F+A ,
ψ˜ = −i∂µCµ,
L = ∂2φ,
χ˜+A = iδ
+
A,ρσ∂
ρφσ = i(∂φ)+A, (5.54)
where we define a (anti-)self-dual part of the curvature:
F±µν ≡
1
4
δ±µν,ρσF
ρσ. (5.55)
Taking into account these relations, we obtain the explicit form of the superfields
F0,0 and W as
F0,0 = φ+ θ+µCµ + 1
2
θ+µθ+ν(φ+µν − 2F−µν)
+iθ3+µ (∂
µχ− ∂νχ+µν)− θ4+∂2φ, (5.56)
W = φ+ 1
4
θAχ+A +
1
4
(θ2+)A(φ+A − 2F+A )− i(θ3+)∂µCµ
+θ+(χ +
1
4
θA(φ+A + 2F
+
A ) +
i
4
(θ2+)A(∂φ)+A + (θ
3+)∂2φ). (5.57)
Using these superfields, we can obtain off-shell twisted N = 2 SUSY invariant
actions:
S1 =
1
2
∫
d4yd4θ (F0,0)2
=
1
2
∫
d4y
1
4!
ǫµνρσs+µ s
+
ν s
+
ρ s
+
σ (φ
2)
=
∫
d4x{−φ∂2φ− iCµ(∂µχ− ∂νχ+µν)− 1
4
(φ+µν)
2 + (F−µν)
2}, (5.58)
S2 =
1
2
∫
d4wd4θ W2
36
=
1
2
∫
d4w s+
1
3!43
Γ+A,B,Cs+As
+
Bs
+
C(φ
2
)
= −
∫
d4x{(−φ∂2φ− iCµ(∂µχ− ∂νχ+µν)− 1
4
(φ+µν)
2 + (F+µν)
2)}. (5.59)
We can see that these actions (5.58) and (5.59) are Abelian version of N = 2 twisted
SUSY invariant super Yang-Mills action a la Donaldson-Witten. The difference of
these actions are topologically invariant surface term.
Here it is interesting to recognize that these actions S1 and S2, respectively, have
the same forms as (4.21) and (4.24) which don’t have derivatives in the Lagrangian.
It turns out that the derivatives in the actions S1 and S2 are generated by the con-
straints (5.41) which in turn relate the chiral and anti-chiral superfields. Eventually
the corresponding actions (5.58) and (5.59) are related and the difference is only the
topological surface term.
Twisted N = 2 SUSY transformation can be obtained by operating superdiffer-
ential operators to the superfields and is given in Table 8. As in the two-dimensional
s+ s+µ s
+
A
φ 0 Cµ 0
Cν −i∂νφ −φ+µν + 2F−µν iD+ν,Aφ
φ+B
i
2
δ+B,ρσ∂
ρCσ i
2
δ+B,µν(∂
νχ− ∂ρχ+νρ) − i2δ+B,ρσD+ρ,ACσ
φ χ 0 χ+A
χ+B −φ+B − 2F+B iD+µ,Bφ −14Γ+ABC(φ+C − 2F+C)
χ 0 −i∂µφ φ+A + 2F+A
ων − i2Cν − i2(δµνχ− χ+µν) − i2δ+A,νρCρ
Table 8: Twisted N = 2 SUSY transformation of component fields for Abelian
Donaldson-Witten theory.
case the twisted N = 2 SUSY algebra (4.11) is valid modulo gauge transformation.
5.2.2 Non-Abelian case
If the gauge algebra is non-Abelian the constrains (5.42), (5.43) and (5.44) are
no longer chiral and anti-chiral constraints and thus F0,0 and W are not (anti-
)chiral superfields. We cannot then obtain the explicit component fields expansion
of the superfields from simple arguments. We then proceed to derive the twisted
SUSY transformation of component fields from the constraint relations obtained
from Jacobi identity as in the two-dimensional non-Abelian case. We first identify
the following component fields:
F0,0| = φ, ∇µF0,0| = Cµ, 1
2
(∇µ∇ν −∇ν∇µ)F0,0| = −φµν ,
1
3!
ǫµνρσ∇ν∇ρ∇σF0,0| = −ψ˜µ, 1
4!
ǫµνρσ∇µ∇ν∇ρ∇σF0,0| = φ˜, (5.60)
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W| = φ, ∇AW| = χ+A,
1
2! · 42Γ
+ABC∇B∇CW| = −M+A, 1
3! · 43Γ
+ABC∇A∇B∇CW| = −χ˜,
∇0W| = χ, ∇A∇0W| = N+A ,
1
2! · 42Γ
+ABC∇B∇C∇0W| = −χ˜+A, 1
3! · 43Γ
+ABC∇A∇B∇C∇0W| = −L, (5.61)
We can then obtain the twisted N = 2 SUSY transformation of these component
fields by Jacobi identities with Wess-Zumino gauge as in the two-dimensional case.
For example we find the transformation law of φ as follows:
sφ = QF0,0| = ∇0F0,0| = [∇0, i{∇0,∇0}] = 0. (5.62)
We can similarly find the transformation laws of all the other component fields. We
show the list of twisted N = 2 SUSY transformation of component fields in Table
9.
s+ s+µ
φ 0 Cµ
Cν −iDνφ −φ+µν + 2F−µν + i2δµν [φ, φ]
φ+B
i
2
δ+B,ρσD
ρCσ − i
2
[χ+B, φ]
i
2
δ+B,µν(D
νχ−Dρχ+νρ) + i2δ+B,µν [φ, Cν ]
φ χ 0
χ+B −φ+B − 2F+B iδ+B,µνDνφ
χ − i
2
[φ, φ] −iDµφ
ων − i2Cν − i2(δµνχ− χ+µν)
s+A
φ 0
Cν iδ
+
A,νρD
ρφ
φ+B − i2δ+B,αβδ+A,αγ(DγCβ − 14 [χγβ , φ]) + i2δ+A,B[χ, φ]
φ χ+A
χ+B −14Γ+ABC(φ+C − 2F+C)− i2δA,B[φ, φ]
χ φ+A + 2F
+
A
ων − i2δ+A,νρCρ
Table 9: N = 2 twisted SUSY transformation of component fields for non-Abelian
Donaldson-Witten theory
The N = 2 twisted SUSY algebra is closed for the fields up to the gauge trans-
formation of the following specific gauge parameter choice:
{s+, s+}ϕ = δgauge (−φ)ϕ
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{s+µ , s+ν }ϕ = δµνδgauge(−ψ)ϕ,
{s+A, s+B}ϕ = δ+A,Bδgauge (−φ)ϕ,
{s+, s+A}ϕ = 0,
{s+, s+µ }ϕ = −i(∂µϕ+ δgauge (−Aµ)ϕ),
{s+µ , s+A}ϕ = iδ+A,µν(∂νϕ+ δgauge (−Aν)ϕ), (5.63)
where {ϕ} = {φ, Cµ, φ+A, φ, χ+A, χ, ωµ} and δgauge φωµ = ∂µφ − i[ωµ, φ] for the
gauge field and δgauge φ · · · = −i[· · · , φ] for the other fields. We can see that N = 2
twisted SUSY algebra in four dimensions is closed modulo the gauge transformation.
We can now define the superfield F0,0 and W from the parent fields φ and φ as
follows:
F0,0(yµ, θ+µ) = eθ+µs
+
µ eθ
+s++ 1
4
θ+µνs+µνφ
= eθ
+µs+µφ, (5.64)
W(wµ, θ+, θ+µν) = eθ+s++ 14θ+µνs+µνeθ+µs+µ φ
= eθ
+s++ 1
4
θ+µνs+µνφ. (5.65)
The superfield F0,0 and W are then given by
F0,0(yµ, θ+µ) = φ(yµ) + θ+µCµ + 1
2
θ+µθ+ν(φ+µν − 2F−µν)
+i(θ3+)µ(D
µχ−Dνχ+µν + 1
2
[φ, Cµ])
+θ4+(−DµDµφ+ i
8
{χ+µν , χ+µν}
+
i
2
{χ, χ} − 1
4
[φ, [φ, φ]]), (5.66)
W(wµ, θ, θ+µν) = φ(wµ) + θχ + 1
4
θ+Aχ+A +
1
4
θ+θ+A(φ+A + 2F
+
A )
+
1
4
(θ2+)A(φ+A − 2F+A )
+θ+(θ2+)A(
i
4
δ+A,µνD
µCν − i
8
[χ+A, φ])
+θ3+(−iDµCµ + i
2
[χ, φ])
+θ+θ3+(DµDµφ− i
2
{Cµ, Cµ} − 1
4
[[φ, φ], φ]). (5.67)
We can now define the following off-shell N = 2 twisted SUSY invariant actions:
S1 =
1
2
∫
d4yd4θ TrF0,02 = 1
2
∫
d4y
1
4!
ǫµνρσs+µ s
+
ν s
+
ρ s
+
σ Tr(φ
2),
S2 =
1
2
∫
d4wd4θ TrW2 = 1
2
∫
d4w s+
1
3!43
Γ+A,B,Cs+As
+
Bs
+
CTr(φ
2
), (5.68)
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where
∫
d4θ(θ4+) = 1,
∫
d4θθ(θ3+) = 1. We can obtain the explicit form of these
actions,
S1 =
∫
d4xTr
(
− φDµDµφ− iCµ(Dµχ−Dνχ+µν)−
1
4
(φ+µν)
2 + (F−µν)
2
+
i
2
φ{χ, χ}+ i
8
φ{χ+A, χ+A}+
i
2
φ{Cµ, Cµ}+ 1
4
[φ, φ]2
)
, (5.69)
S2 = −
∫
d4xTr
(
φDµDµφ− iCµ(Dµχ−Dνχ+µν)−
1
4
(φ+µν)
2 + (F+µν)
2
+
i
2
φ{χ, χ}+ i
8
φ{χ+A, χ+A}+
i
2
φ{Cµ, Cµ}+ 1
4
[φ, φ]2
)
. (5.70)
The difference of these actions is only topological surface term. These actions are
equivalent to non-Abelian version of Donaldson-Witten action which has off-shell
twisted N = 2 SUSY invariance.
We have derived the four-dimensional quantized topological Yang-Mills action by
using superconnection formulation. Thus our twisted N = 4 superspace formalism
naturally includes our twisted N = 2 superspace formalism as a subalgebra.
5.2.3 Dirac-Ka¨hler matter fermion
As we have already shown that Dirac-Ka¨hler(D-K) twisting procedure of super-
charges generated N = 4 twisted superalgebra which is decomposed into two sets of
N = 2 twisted superalgebra by (anti-)self-dual decomposition. On the other hand
the D-K fermion mechanism transforms fermionic anti-symmetric tensor fields into
matter fermions, we expect that this type of decomposition will also be generated
in the matter fermion sector of D-K fermion. Here we explicitly construct twisted
N = 2 sector of D-K fermion.
We claim that the following two ”flavor” Dirac fermion action is essentially equiv-
alent to N = 2 sector of D-K fermion constructed from the D-K fermion mechanism:
∫
d4x
2∑
i=1
Ψ
iN=2
γµ∂µΨ
iN=2, (5.71)
where Ψ
iN=2
= (ΨiN=2)† and ΨiN=2 is SU(2) Majorana fermion which satisfies the
following condition [77]:
(ΨiN=2)∗ = ǫijBΨjN=2, (5.72)
where B = −γ1γ3 and γµ = B−1γµB.
The N = 2 sector of the D-K fermion ΨiN=2 is the chirally projected sector of the
original D-K fermion on the ”flavor” suffix or R-symmetry related suffix as follows:
(ΨN=2)αi = (Ψ)αj(P+)ji, (5.73)
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where P± = 12(1± γ5) and the D-K fermion Ψ is defined in (2.23) as
Ψαi =
1
2
√
2
(
1ψ + γµψµ +
1
2
γµνψµν + γ˜
µψ˜µ + γ5ψ˜
)
αi
, (5.74)
where i = 1, 2, 3, 4.
The action (5.71) can be transformed as follows:
∫
d4x
2∑
i=1
Ψ
iN=2
γµ∂µΨ
iN=2
=
∫
d4xTrΨγµ∂µΨP+
=
∫
d4x
1
2
{
(ψ + ψ˜)∂µ(ψ
µ + ψ˜µ)− (ψµ + ψ˜µ)(ψµν − 1
2
ǫµνρσψρσ)
}
=
∫
d4x{χ∂µCµ − Cµ∂νχ+µν}, (5.75)
where χ = 1√
2
(ψ + ψ˜), Cµ =
1√
2
(ψµ + ψ˜µ), χ+µν =
1√
2
(ψµν − 1
2
ǫµνρσψρσ). These
terms are included in the action (5.69). Then the action (5.69) eventually turns into
the following form:
S1 =
∫
d4xTr
(
− φDµDµφ− iΨiN=2γµDµΨiN=2 − 1
4
(φ+µν)
2 + (F−µν)
2
+iφ Ψ
iN=2
(1 + γ5)Ψ
iN=2 + iφ Ψ
iN=2
(1− γ5)ΨiN=2
+
1
4
[φ, φ]2
)
, (5.76)
where fermions are now transformed into SU(2) Majorana fermions via Dirac-Ka¨hler
fermion mechanism.
6 Conclusions and Discussions
We have proposed four-dimensional twisted N = 4 superspace formalism based on
the Dirac-Ka¨hler twisting procedure. In the Dirac-Ka¨hler twist, N = 2 twisted
superspace formalism in two dimensions and that of N = 4 in four dimensions have
close similarity in the formulation. We have examined the formulation in various
cases to derive off-shell invariant twisted SUSY invariant actions. To see the basic
structure in simpler examples we have given D = N = 2 formulation as well. In
order to find N = 4 invariant action with gauge symmetry in four dimensions, we
have introduced twisted vector superfield and found formal expressions of actions
which have off-shell N = 4 twisted SUSY invariance. It turns out, however, the
actions have still many superfluous component fields and too higher derivatives for
the gauge fields and we may still need to find further constraints to obtain N = 4
twisted super Yang-Mills action.
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We have then proposed twisted superconnection formalism to find supergauge
invariant Yang-Mills actions. In two dimensions we have successfully derived N = 2
twisted SUSY invariant super Yang-Mills actions. In four dimensions we have not
yet found out constraints to derive N = 4 twisted SUSY invariant super Yang-Mills
action. By decomposing the twisted N = 4 algebra into two sectors of N = 2 algebra
and thus truncating the full algebra into N = 2, we have proposed twisted N = 2
superspace formalism in four dimensions. We have then examined the superconnec-
tion formalism on the N = 2 sector of twisted SUSY algebra. We have successfully
derived N = 2 super Yang-Mills action from the N = 2 twisted superspace and
thus the super Yang-Mills action is off-shell N = 2 twisted SUSY invariant. In the
final form of the twisted N = 2 SUSY invariant Yang-Mills action, the ghost-related
fermions in the twisted sector turn into matter fermions by the Dirac-Ka¨hler fermion
mechanism.
One of the main aims of establishing this twisted superspace formalism in four
dimensions is to derive N = 4 twisted SUSY invariant Yang-Mills action. As we
have seen already from some examples of N = 4 twisted SUSY invariant actions,
there are either too many superfluous component fields in the action or too higher
derivatives in the action. The strategy to find further constraints in vector superfield
and superconnection formulations are not obvious. The constraints we imposed for
the superconnection formalism can be interpreted as the suppression condition of
higher spin fields in the supermultiplets. We may hope that this type of condition
may lead a clue to find consistent constraints for superconnections of N = 4 twisted
SUSY algebra. It is known that there are some nontrivial examples of off-shell usual
N = 4 SUSY invariant Yang-Mills action [60–62] which may have twisted superspace
counterpart of the formulation.
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Appendix A Four-dimensional γ-matrix and re-
lated formulae
We use the following Euclidean four-dimensional γ-matrix throughout this paper.
The γ-matrixes satisfy the following Clifford algebra:
{γµ, γν} = 2δµν . (A.1)
We use the following representation of γ-matrix:
γµ =
(
0 iσµ
iσµ 0
)
,
where σµ = (σ1, σ2, σ3, σ4), σµ = (−σ1,−σ2,−σ3, σ4) with σ4 = i12×2 and {σi}(i =
1, 2, 3) are Pauli matrixes. We introduce the following charge conjugation matrix C
and B-matrix :
γµ
T = CγµC
−1, C ≡ −γ1γ3, CT = −C, γ5 ≡ γ1γ2γ3γ4,
γµ∗ = BγµB−1, B∗B = −1, B ≡ −γ1γ3. (A.2)
We then introduce the following notations:
γµν ≡ 1
2
[γµ, γν], γ˜µ ≡ γµγ5. (A.3)
We list useful formulae which are used in the algebraic manipulation of N = 4
twisted SUSY algebra:
γµγν = γµν + δµν , (A.4)
γµγνγρ = γµνρ + γµδνρ − γνδµρ + γρδµν
= −ǫµνρσ γ˜σ + γµδνρ − γνδµρ + γρδµν , (A.5)
γµγνγργσ = ǫµνρσγ5 + γ
µνδρσ − γµρδνσ + γµσδνρ + γνρδµσ − γνσδµρ + γρσδµν
+δµνδρσ − δµρδνσ + δµσδνρ, (A.6)
γµνγρ = −ǫµνρσ γ˜σ + γµδνρ − γνδµρ, (A.7)
γµνγρσ = ǫµνρσγ5 − γµρδνσ + γµσδνρ + γνρδµσ − γνσδµρ
−δµρδνσ + δµσδνρ, (A.8)
γµν γ˜ρ = −ǫµνρσγσ + γ˜µδνρ − γ˜νδµρ, (A.9)
γµνγ5 = −1
2
ǫµνρσγρσ, (A.10)
γργµν = −ǫµνρσ γ˜σ − γµδρν + γνδρµ, (A.11)
γ˜ργµν = −ǫµνρσγσ − γ˜µδρν + γ˜νδρµ, (A.12)
γ5γ
µν = −1
2
ǫµνρσγρσ. (A.13)
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Appendix B Definition of Γab,cd,ef,gh,ij,kl
We introduce the following simbol:
θabθcdθefθghθijθkl ≡ Γab,cd,ef,gh,ij,kl(θ12θ13θ14θ23θ24θ34), (B.1)
where θab are twisted superparameters with anti-symmetric tensor suffix. These
tensor suffixes have six independent degrees of freedom and thus Γ behaves like a
six-dimensional totally anti-symmetric tensor. Here we denote the tensor suffixes
{ab} by the upper case A. We can derive the following formulae:
ΓABCDEFΓABCDEF = 6!2
6, (B.2)
ΓABCDEFΓABCDEG = 5!2
5δFG, (B.3)
ΓABCDEFΓABCDGH = 4!2
4(δEGδ
F
H − δEHδFG), (B.4)
ΓABCDEFΓABCGHI = 3!2
3{δDGδEHδF I − δDIδEHδFG + cyclic in GHI },
(B.5)
ΓABCDEFΓABGHIJ =
∣∣∣∣∣∣∣∣
δG
C δG
D δG
E δG
F
δH
C δH
D δH
E δH
F
δI
C δI
D δI
E δI
F
δJ
C δJ
D δJ
E δJ
F
∣∣∣∣∣∣∣∣
, (B.6)
ΓABCDEFΓAGHIJK =
∣∣∣∣∣∣∣∣∣∣
δG
B δG
C δG
D δG
E δG
F
δH
B δH
C δH
D δH
E δH
F
δI
B δI
C δI
D δI
E δI
F
δJ
B δJ
C δJ
D δJ
E δJ
F
δK
B δK
C δK
D δK
E δK
F
∣∣∣∣∣∣∣∣∣∣
, (B.7)
ΓABCDEFΓGHIJKL =
∣∣∣∣∣∣∣∣∣∣∣∣
δG
A δG
B δG
C δG
D δG
E δG
F
δH
A δH
B δH
C δH
D δH
E δH
F
δI
A δI
B δI
C δI
D δI
E δI
F
δJ
A δJ
B δJ
C δJ
D δJ
E δJ
F
δK
A δK
B δK
C δK
D δK
E δK
F
δL
A δL
B δL
C δL
D δL
E δL
F
∣∣∣∣∣∣∣∣∣∣∣∣
. (B.8)
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Appendix C N = 4 twisted SUSY transformation
of chiral multiplets
We show the full list of the N = 4 twisted SUSY transformation of chiral multiplets
given in subsection 3.3.
1 Chiral Multiplets
ψ S Sµ S˜µ S˜
ψ0 0 ψ1µ, ψ
0
,µ 0
ψ0,a 0 −ψ1µ,a −ψ0,µa −i∂aψ0
ψ0,ab 0 ψ
1
µ,ab ǫabµνψ˜
0,ν i(∂aψ
0
,b − ∂bψ0,a)
ψ˜0,a 0 −ψ˜1µ,a δµ,aψ˜0 i2ǫabcd∂bψ0,cd
ψ˜0 0 ψ˜1µ, 0 −i∂aψ˜0,a
ψ S Sµ S˜µ S˜
ψ1m, −i∂mψ0 −ψ2µm, ψ1m,µ 0
ψ1m,a i∂mψ
0
,a ψ
2
µm,a −ψ1m,µa −i∂aψ1m,
ψ1m,ab −i∂mψ0,ab −ψ2µm,ab ǫabµνψ˜1m,ν i(∂aψ1m,b − ∂bψ1m,a)
ψ˜1m,a i∂mψ˜
0
,a ψ˜
2
µm,a δµ,aψ˜
1
m
i
2
ǫa
bcd∂bψ
1
m,cd
ψ˜1m, −i∂mψ˜0 −ψ˜2µm, 0 −i∂aψ˜1m,a
ψ S Sµ S˜µ S˜
ψ2mn, i(∂mψ
1
n, − ∂nψ1m,) ǫmnµνψ3ν, ψ2mn,µ 0
ψ2mn,a −i(∂mψ1n,a − ∂nψ1m,a) −ǫmnµνψ3ν,a −ψ2mn,µa −i∂aψ2mn,
ψ2mn,ab i(∂mψ
1
n,ab − ∂nψ1m,ab) ǫmnµνψ3ν,ab ǫabµνψ˜2mn,ν iδab,cd∂cψ2mn,d
ψ˜2mn,a −i(∂mψ˜1n,a − ∂nψ˜1m,a) −ǫmnµνψ˜3ν,a δµ,aψ˜2mn, i2ǫabcd∂bψ2mn,cd
ψ˜2mn, i(∂mψ˜
1
n, − ∂nψ˜1m,) ǫmnµνψ˜3ν, 0 −i∂aψ˜2mn,a
ψ S Sµ S˜µ S˜
ψ3m,
i
2
ǫm
ρµν∂ρψ
2
µν, δm,µψ
4 ψ3m,µ 0
ψ3m,a − i2ǫmρµν∂ρψ2µν,a −δm,µψ4,a −ψ3m,µa −i∂aψ3m,
ψ3m,ab
i
2
ǫm
ρµν∂ρψ
2
µν,ab δm,µψ
4
,ab ǫabµ
νψ˜3m,ν i(∂aψ
3
m,b − ∂bψ3m,a)
ψ˜3m,a − i2ǫmρµν∂ρψ˜2µν,a −δm,µψ˜4,a δµ,aψ˜3m, i2ǫabcd∂bψ3m,cd
ψ˜3m,
i
2
ǫm
ρµν∂ρψ˜2µν, δm,µψ˜
4 0 −i∂aψ˜3m,a
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ψ S Sµ S˜µ S˜
ψ4 −i∂µψ3µ, 0 ψ4,µ 0
ψ4,a i∂
µψ3µ,a 0 −ψ4,µa −i∂aψ4
ψ4,ab −i∂µψ3µ,ab 0 ǫabµνψ˜4,ν i(∂aψ4,b − ∂bψ4,a)
ψ˜4,a i∂
µψ˜3µ,a 0 δµ,aψ˜
4 i
2
ǫa
bcd∂bψ
4
,cd
ψ˜4 −i∂µψ˜3µ, 0 0 −i∂aψ˜4,a
ψ Sµν
ψ0 0
ψ0,a −iǫaµνρ∂ρψ0
ψ0,ab i(ǫaµνρ∂
ρψ0,b − ǫbµνρ∂ρψ0,a)
ψ˜0,a
i
2
ǫa
bcdǫbµνρ∂
ρψ0,cd
ψ˜0 iǫµνρσ∂
ρψ˜0,σ
ψ Sµν
ψ1m, i(δm,µ∂ν − δm,ν∂µ)ψ0
ψ1m,a −i(δm,µ∂ν − δm,ν∂µ)ψ0,a − iǫaµνρ∂ρψ1m,
ψ1m,ab i(δm,µ∂ν − δm,ν∂µ)ψ0,ab + i(ǫaµνρ∂ρψ1m,b − ǫbµνρ∂ρψ1m,a)
ψ˜1m,a −i(δm,µ∂ν − δm,ν∂µ)ψ˜0,a + i2ǫaαβγǫαµνρ∂ρψ1m,βγ
ψ˜1m, i(δm,µ∂ν − δm,ν∂µ)ψ˜0 + iǫµνρσ∂ρψ˜1m,σ
ψ Sµν
ψ2mn, −i(δm,µ∂ν − δm,ν∂µ)ψ1n, + i(δn,µ∂ν − δn,ν∂µ)ψ1m,
ψ2mn,a i(δm,µ∂ν − δm,ν∂µ)ψ1n,a − i(δn,µ∂ν − δn,ν∂µ)ψ1m,a − iǫaµνρ∂ρψ2mn,
ψ2mn,ab −iδmk,µν∂kψ1n,ab + iδnk,µν∂kψ1m,ab + iǫaµνρ∂ρψ2mn,b − iǫbµνρ∂ρψ2mn,a
ψ˜2mn,a iδmk,µν∂
kψ˜1n,a − iδnk,µν∂kψ˜1m,a + i2ǫaαβγǫαµνρ∂ρψ2mn,βγ
ψ˜2mn, −i(δm,µ∂ν − δm,ν∂µ)ψ˜1n, + i(δn,µ∂ν − δn,ν∂µ)ψ˜1m, + iǫµναβ∂αψ˜2mn,β
ψ Sµν
ψ3m, − i2(ǫmαβµ∂ν − ǫmαβν∂µ)ψ2αβ,
ψ3m,a
i
2
(ǫm
αβ
µ∂ν − ǫmαβν∂µ)ψ2αβ,a − iǫaµνρ∂ρψ3m,
ψ3m,ab − i2(ǫmαβµ∂ν − ǫmαβν∂µ)ψ2αβ,ab + iǫaµνρ∂ρψ3m,b − iǫbµνρ∂ρψ3m,a
ψ˜3m,a
i
2
(ǫm
αβ
µ∂ν − ǫmαβν∂µ)ψ˜2αβ,a + i2ǫaαβγǫαµνρ∂ρψ3m,βγ
ψ˜3m, − i2(ǫmαβµ∂ν − ǫmαβν∂µ)ψ˜2αβ, + iǫµναβ∂αψ˜3m,β
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ψ Sµν
ψ4 −i(∂µψ3ν, − ∂νψ3µ,)
ψ4,a i(∂µψ
3
ν,a − ∂νψ3µ,a)− iǫaµνρ∂ρψ4
ψ4,ab −i(∂µψ3ν,ab − ∂νψ3µ,ab) + iǫaµνρ∂ρψ4,b − iǫbµνρ∂ρψ4,a
ψ˜4,a i(∂µψ˜
3
ν,a − ∂νψ˜3µ,a) + i2ǫaαβγǫαµνρ∂ρψ4,βγ
ψ˜4 −i(∂µψ˜3ν, − ∂νψ˜3µ,) + iǫµναβ∂αψ˜4β
2. Anti-chiral Multiplet
φ S Sµ
φ0 φ1 0
φ0ab −φ1ab iDµ,abφ0
φ0ab,cd φ
1
ab,cd −i(Dµ,abφ0cd −Dµ,cdφ0ab)
φ0ab,cd,ef −φ1ab,cd,ef i(Dµ,abφ0cd,ef +Dµ,efφ0ab,cd +Dµ,cdφ0ef,ab)
φ˜0ab,cd φ˜
1
ab,cd −i 13!24Γab,cdef,gh,ij,klDµ,efφ0gh,ij,kl
φ˜0ab −φ˜1ab − i2Dµ,cdφ˜0abcd
φ˜0 φ˜1 i
2
Dµ,abφ˜0 ab
φ S Sµ
φ1 0 −i∂µφ0
φ1ab 0 i∂µφ
0
ab + iDµ,abφ1
φ1ab,cd 0 −i∂µφ0ab,cd − i(Dµ,abφ1cd −Dµ,cdφ0ab)
φ1ab,cd,ef 0 i∂µφ
0
ab,cd,ef + i(Dµ,abφ1cd,ef +Dµ,efφ1ab,cd +Dµ,cdφ1ef,ab)
φ˜1ab,cd 0 −i∂µφ˜0ab,cd − i 13!24Γab,cdef,gh,ij,klDµ,efφ1gh,ij,kl
φ˜1ab 0 i∂µφ˜
0
ab − i2Dµ,cdφ˜1abcd
φ˜1 0 −i∂µφ˜0 + i2Dµ,abφ˜1 ab
φ S Sµ
φ2 −φ3 0
φ2ab φ
3
ab iDµ,abφ2
φ2ab,cd −φ3ab,cd −i(Dµ,abφ2cd −Dµ,cdφ2ab)
φ2ab,cd,ef φ
3
ab,cd,ef i(Dµ,abφ2cd,ef +Dµ,efφ2ab,cd +Dµ,cdφ2ef,ab)
φ˜2ab,cd −φ˜3ab,cd −i 13!24Γab,cdef,gh,ij,klDµ,efφ2gh,ij,kl
φ˜2ab φ˜
3
ab − i2Dµ,cdφ˜2abcd
φ˜2 −φ˜3 i
2
Dµ,abφ˜2 ab
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φ S Sµ
φ3 0 i∂µφ
2
φ3ab 0 −i∂µφ2ab + iDµ,abφ3
φ3ab,cd 0 i∂µφ
2
ab,cd − i(Dµ,abφ3cd −Dµ,cdφ3ab)
φ3ab,cd,ef 0 −i∂µφ2ab,cd,ef + i(Dµ,abφ3cd,ef +Dµ,efφ3ab,cd +Dµ,cdφ3ef,ab)
φ˜3ab,cd 0 i∂µφ˜
2
ab,cd − i 13!24Γab,cdef,gh,ij,klDµ,efφ3gh,ij,kl
φ˜3ab 0 −i∂µφ˜2ab − i2Dµ,cdφ˜3abcd
φ˜3 0 i∂µφ˜2 +
i
2
Dµ,abφ˜3 ab
φ Sµν
φ0 φ0µν
φ0ab −φ0µν,ab
φ0ab,cd φ
0
µν,ab,cd
φ0ab,cd,ef − 123Γµν,ab,cd,ef,gh,ijφ˜0 gh,ij
φ˜0ab,cd δµν,abφ˜
0
cd − δµν,cdφ˜0ab
φ˜0ab δµν,abφ˜
0
φ˜0 0
φ Sµν
φ1 φ1µν
φ1ab −φ1µν,ab
φ1ab,cd φ
1
µν,ab,cd
φ1ab,cd,ef − 123Γµν,ab,cd,ef,gh,ijφ˜1 gh,ij
φ˜1ab,cd δµν,abφ˜
1
cd − δµν,cdφ˜1ab
φ˜1ab δµν,abφ˜
1
φ˜1 0
φ Sµν
φ2 φ2µν
φ2ab −φ2µν,ab
φ2ab,cd φ
2
µν,ab,cd
φ2ab,cd,ef − 123Γµν,ab,cd,ef,gh,ijφ˜2 gh,ij
φ˜2ab,cd δµν,abφ˜
2
cd − δµν,cdφ˜2ab
φ˜2ab δµν,abφ˜
2
φ˜2 0
φ Sµν
φ3 φ3µν
φ3ab −φ3µν,ab
φ3ab,cd φ
3
µν,ab,cd
φ3ab,cd,ef − 123Γµν,ab,cd,ef,gh,ijφ˜3 gh,ij
φ˜3ab,cd δµν,abφ˜
3
cd − δµν,cdφ˜3ab
φ˜3ab δµν,abφ˜
3
φ˜3 0
φ S˜µ S˜
φ0 0 φ2
φ0ab −iǫabµν∂νφ0 −φ2ab
φ0ab,cd i(ǫabµν∂
νφ0cd − ǫcdµν∂νφ0ab) φ2ab,cd
φ0ab,cd,ef −i(ǫabµν∂νφ0cd,ef + ǫefµν∂νφ0ab,cd + ǫcdµν∂νφ0ef,ab) −φ2ab,cd,ef
φ˜0ab,cd
i
3!24
Γab,cd
ef,gh,ij,klǫefµν∂
νφ0gh,ij,kl φ˜
2
ab,cd
φ˜0ab
i
2
ǫcdµν∂
ν φ˜0ab
cd −φ˜2ab
φ˜0 − i
2
ǫabµν∂
ν φ˜0 ab φ˜2
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φ S˜µ S˜
φ1 0 φ3
φ1ab −iǫabµν∂νφ1 −φ3ab
φ1ab,cd i(ǫabµν∂
νφ1cd − ǫcdµν∂νφ1ab) φ3ab,cd
φ1ab,cd,ef −i(ǫabµν∂νφ1cd,ef + ǫefµν∂νφ1ab,cd + ǫcdµν∂νφ1ef,ab) −φ3ab,cd,ef
φ˜1ab,cd
i
3!24
Γab,cd
ef,gh,ij,klǫefµν∂
νφ1gh,ij,kl φ˜
3
ab,cd
φ˜1ab
i
2
ǫcdµν∂
ν φ˜1ab
cd −φ˜3ab
φ˜1 − i
2
ǫabµν∂
ν φ˜1 ab φ˜3
φ S˜µ S˜
φ2 −i∂µφ0 0
φ2ab i∂µφ
0
ab − iǫabµν∂νφ2 0
φ2ab,cd −i∂µφ0ab.cd + i(ǫabµν∂νφ2cd − ǫcdµν∂νφ2ab) 0
φ2ab,cd,ef i∂µφ
0
ab,cd,ef − i(ǫabµν∂νφ2cd,ef + ǫefµν∂νφ2ab,cd + ǫcdµν∂νφ2ef,ab) 0
φ˜2ab,cd −i∂µφ˜0ab,cd + i3!24Γab,cdef,gh,ij,klǫefµν∂νφ2gh,ij,kl 0
φ˜2ab i∂µφ˜
0
ab +
i
2
ǫcdµν∂
ν φ˜2ab
cd 0
φ˜2 −i∂µφ˜0 − i2ǫabµν∂ν φ˜2 ab 0
φ S˜µ S˜
φ3 −i∂µφ1 0
φ3ab i∂µφ
1
ab − iǫabµν∂νφ3 0
φ3ab,cd −i∂µφ1ab,cd + i(ǫabµν∂νφ3cd − ǫcdµν∂νφ3ab) 0
φ3ab,cd,ef i∂µφ
1
ab,cd,ef − i(ǫabµν∂νφ3cd,ef + ǫefµν∂νφ3ab,cd + ǫcdµν∂νφ3ef,ab) 0
φ˜3ab,cd −i∂µφ˜1ab,cd + i3!24Γab,cdef,gh,ij,klǫefµν∂νφ3gh,ij,kl 0
φ˜3ab i∂µφ˜
1
ab +
i
2
ǫcdµν∂
ν φ˜3ab
cd 0
φ˜3 −i∂µφ˜1 − i2ǫabµν∂ν φ˜3 ab 0
Appendix D N = 4 twisted supersymmetric ac-
tion
The full action (4.9) has the following form:
L = ss˜ǫµνρσsµsνsρsσǫµνρσ s˜µs˜ν s˜ρs˜σΓABCDEFsAsBsCsDsEsFφ0ψ0
= −φ˜3ψ˜4 − iφ˜2∂µψ˜3µ, + iφ˜1∂aψ˜4,a + φ˜0∂µ∂aψ˜3µ,a
+
i
2
Dσ,abφ˜3,abψ˜3,σ + 1
4
Dσ,abφ˜2,abǫσαβγ∂αψ˜2βγ
+
1
2
Dσ,abφ˜1,ab∂cψ˜3,σ,c + i
4
Dσ,abφ˜0,ab∂cǫσαβγ∂αψ˜2βγ,c
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− 1
42
ǫµνρσDµ,abDν,cdφ˜3,ab,cdψ˜2ρσ + i
8
ǫµνρσDµ,abDν,cdφ˜2,ab,cd∂ρψ˜1σ
+
i
42
ǫµνρσDµ,abDν,cdφ˜1,ab,cd∂eψ˜2ρσ,e − 1
8
ǫµνρσDµ,abDν,cdφ˜0,ab,cd∂e∂ρψ˜1σ,e
+
i
4!3!24
ǫµνρσDµ,abDν,cdDρ,efΓab,cd,ef,gh,ij,klφ3gh,ij,klψ˜1σ
− 1
4!3!24
ǫµνρσDµ,abDν,cdDρ,efΓab,cd,ef,gh,ij,klφ2gh,ij,kl∂σψ˜0
+
1
4!3!24
ǫµνρσDµ,abDν,cdDρ,efΓab,cd,ef,gh,ij,klφ1gh,ij,kl∂αψ˜1σ,α
− i
4!3!24
ǫµνρσDµ,abDν,cdDρ,efΓab,cd,ef,gh,ij,klφ0gh,ij,kl∂α∂σψ˜0,α
− 3
44!3!24
ǫµνρσDµ,abDν,cdDρ,efDσ,ghΓab,cd,ef,gh,ij,klφ3ij,klψ˜0
+
3i
44!3!24
ǫµνρσDµ,abDν,cdDρ,efDσ,ghΓab,cd,ef,gh,ij,klφ1ij,kl∂δψ˜0,δ
− i
2
ǫabcd∂
dφ˜3,bcψ˜4,a − 1
2
ǫabcd∂
dφ˜2,bc∂δψ˜3δ,a
+
1
4
ǫabcd∂
dφ˜1,bcǫaαβγ∂αψ
4
,βγ +
i
4
ǫabcd∂
dφ˜0,bcǫaαβγ∂α∂
δψ3δ,βγ
+
1
4
ǫabcd∂
dDµ,ef φ˜3,bc,ef ψ˜3,µ,a + i
8
ǫabcd∂
dDµ,ef φ˜2,bc,efǫµαβγ∂αψ˜2βγ,a
+
i
8
ǫabcd∂
dDµ,ef φ˜1,bc,efǫaαβγ∂αψ3µ,βγ
+
1
16
ǫabcd∂
dDµ,ef φ˜0,bc,efǫaαβγ∂αǫµxyz∂xψ2yz,βγ
+
3i
2 · 4!3!24 ǫ
µνρσǫabcd∂
dDµ,efDν,ghΓbc,ef,gh,ij,kl,mnφ3ij,kl,mnψ˜2ρσ,a
− 3i
4!3!24
ǫµνρσǫabcd∂
dDµ,efDν,ghΓbc,ef,gh,ij,kl,mnφ2ij,kl,mn∂ρψ˜1σ,a
− 3i
4 · 4!3!24 ǫ
µνρσǫabcd∂
dDµ,efDν,ghΓbc,ef,gh,ij,kl,mnφ1ij,kl,mnǫaαβγ∂αψ2ρσ,βγ
+
3i
2 · 4!3!24 ǫ
µνρσǫabcd∂
dDµ,efDν,ghΓbc,ef,gh,ij,kl,mnφ0ij,kl,mnǫaαβγ∂α∂ρψ1σ,βγ
− 3
4!3!24
ǫµνρσǫabcd∂
dDµ,efDν,ghDρ,ijΓbc,ef,gh,ij,kl,mnφ3kl,mnψ˜1σ,a
+
3i
4!3!24
ǫµνρσǫabcd∂
dDµ,efDν,ghDρ,ijΓbc,ef,gh,ij,kl,mnφ2kl,mn∂σψ˜0,a
− 3i
2 · 4!3!24 ǫ
µνρσǫabcd∂
dDµ,efDν,ghDρ,ijΓbc,ef,gh,ij,kl,mnφ1kl,mnǫaαβγ∂αψ˜1σ,βγ
+
3
2 · 4!3!24 ǫ
µνρσǫabcd∂
dDµ,efDν,ghDρ,ijΓbc,ef,gh,ij,kl,mnφ0kl,mnǫaαβγ∂α∂σψ˜0,βγ
+
3i
2 · 4!3!24 ǫ
µνρσǫabcd∂
dDµ,efDν,ghDρ,ijDσ,klΓbc,ef,gh,ij,kl,mnφ3mnψ˜0,a
+
3
4 · 4!3!24 ǫ
µνρσǫabcd∂
dDµ,efDν,ghDρ,ijDσ,klΓbc,ef,gh,ij,kl,mnφ1mnǫaαβγ∂αψ0,βγ
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+
1
4
ǫabcd∂
d∂f φ˜3,ea,bcψ4,ef +
i
4
ǫabcd∂
d∂f φ˜2,ea,bc∂δψ3δ,ef
+
i
4
ǫabcd∂
d∂f φ˜1,ea,bc(∂eψ
4
,f − ∂fψ4,e) + 1
4
ǫabcd∂
d∂f φ˜0,ea,bc(∂e∂
δψ3δ,f − ∂f∂δψ3δ,e)
+
i
3!26
ǫabcd∂
d∂fΓea,bc,gh,ij,kl,mnDµ,ghφ3ij,kl,mnψ3µ,ef
+
1
3!27
ǫabcd∂
d∂fΓca,bc,gh,ij,kl,mnDµ,ghφ2ij,kl,mnǫµαβγ∂αψ2µβγ,ef
− 1
3!26
ǫabcd∂
d∂fΓca,bc,gh,ij,kl,mnDµ,ghφ1ij,kl,mn(∂eψ3µ,f − ∂fψ3µ,e)
− i
3!27
ǫabcd∂
d∂fΓca,bc,gh,ij,kl,mnDµ,ghφ0ij,kl,mn(∂eǫµαβγ∂αψ2βγ,f − ∂f ǫµαβγ∂αψ2βγ,e)
+
1
29
ǫµνρσǫabcd∂
d∂fΓea,bc,gh,ij,kl,mnDµ,ghDν,ijφ3kl,mnψ2ρσ,ef
+
i
29
ǫµνρσǫabcd∂
d∂fΓea,bc,gh,ij,kl,mnDµ,ghDν,ijφ2kl,mn(∂ρψ1σ,ef − ∂σψ1ρ,ef)
− i
29
ǫµνρσǫabcd∂
d∂fΓea,bc,gh,ij,kl,mnDµ,ghDν,ijφ1kl,mn(∂eψ2ρσ,f − ∂fψ2ρσ,e)
− 1
28
ǫµνρσǫabcd∂
d∂fΓea,bc,gh,ij,kl,mnDµ,ghDν,ijφ0kl,mn(∂e∂ρψ1σ,f − ∂f∂ρψ1σ,e)
− i
4 · 3!24 ǫ
µνρσǫabcd∂
d∂fΓea,bc,gh,ij,kl,mnDµ,ghDν,ijDρ,klφ3mnψ1σ,ef
+
1
4 · 3!24 ǫ
µνρσǫabcd∂
d∂fΓea,bc,gh,ij,kl,mnDµ,ghDν,ijDρ,klφ2mn∂σψ0,ef
+
1
4 · 3!24 ǫ
µνρσǫabcd∂
d∂fΓea,bc,gh,ij,kl,mnDµ,ghDν,ijDρ,klφ1mn(∂eψ1σ,f − ∂fψ1σ,e)
− i
4 · 3!24 ǫ
µνρσǫabcd∂
d∂fΓea,bc,gh,ij,kl,mnDµ,ghDν,ijDρ,klφ0mn∂σ(∂eψ0,f − ∂fψ0,e)
− 1
4!26
ǫµνρσǫabcd∂
d∂fΓea,bc,gh,ij,kl,mnDµ,ghDν,ijDρ,klDσ,mnφ3ψ0,ef
+
i
4!26
ǫµνρσǫabcd∂
d∂fΓea,bc,gh,ij,kl,mnDµ,ghDν,ijDρ,klDσ,mnφ1(∂eψ0,f − ∂fψ0,e)
− i 1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mnφ3ij,kl,mnψ
4
δ
− 1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mnφ2ij,kl,mn∂
ǫψ3ǫ,δ
− 1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mnφ1ij,kl,mn∂δψ
4
− i 1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mnφ0ij,kl,mn∂δ∂
ǫψ3ǫ,
− 3 1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mnDµ,ijφ3kl,mnψ3,µ,δ
− 3i
2
1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mnDµ,ijφ2kl,mnǫµνρσ∂νψ2ρσ,δ
+ 3i
1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mnDµ,ijφ1kl,mn∂δψ3µ
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+
3
2
1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mnDµ,ijφ0kl,mn∂δǫµνρσ∂νψ2ρσ
− i3!3!
4!
1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mnǫµνρσDµ,ijDν,klφ3mnψ2ρσ,δ
+
3!3!
4!
1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mn
×ǫµνρσDµ,ijDν,klφ2mnδρσ,rs∂sψ1s,δ
− 3!3!
4!
1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mn
×ǫµνρσDµ,ijDν,klφ1mn∂δψ2ρσ,
+ i
3!3!
4!
1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mn
×ǫµνρσDµ,ijDν,klφ0mn∂δδρσ,rs∂rψ1s
+
1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mnǫµνρσDµ,ijDν,klDρ,mnφ3ψ1σ,δ
− 1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mnǫµνρσDµ,ijDν,klDρ,mnφ2∂σψ0δ,
− 1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mnǫµνρσDµ,ijDν,klDρ,mnφ1∂δψ1σ,
+
1
4!3!24
ǫαβγδǫαabc∂
cǫβdef∂
f ǫγghp∂
pΓab,de,gh,ij,kl,mnǫµνρσDµ,ijDν,klDρ,mnφ0∂δ∂σψ0
+
i
4!27
ǫadgjǫ
abcρ∂ρǫ
defǫ∂ǫǫ
ghiδ∂δǫ
jklθ∂θΓbc,ef,hi,kl
qr,stDα,qrDβ,stφ2ǫαβuv∂uψ2v,
− 1
4!28
ǫadgjǫ
abcρ∂ρǫ
defǫ∂ǫǫ
ghiδ∂δǫ
jklθ∂θΓbc,ef,hi,kl
qr,stDα,qrDβ,stφ2ǫαβuvψ2uv,
− 1
4!27
ǫadgjǫ
abcρ∂ρǫ
defǫ∂ǫǫ
ghiδ∂δǫ
jklθ∂θΓbc,ef,hi,kl
qr,stDα,qrφ2stǫαuvw∂uψ2vw
− i
4!26
ǫadgjǫ
abcρ∂ρǫ
defǫ∂ǫǫ
ghiδ∂δǫ
jklθ∂θΓbc,ef,hi,kl
qr,stDα,qrψ3stψ3α
− i
4!27
ǫadgjǫ
abcρ∂ρǫ
defǫ∂ǫǫ
ghiδ∂δǫ
jklθ∂θΓbc,ef,hi,kl
qr,stφ2qr,st∂vψ
3v
− 1
4!27
ǫadgjǫ
abcρ∂ρǫ
defǫ∂ǫǫ
ghiδ∂δǫ
jklθ∂θΓbc,ef,hi,kl
qr,stφ3qr,stψ
4.
Appendix E Useful formulae in four dimensions
Definition of δ+µν,ρσ is
δ+µν,ρσ = δµρδνσ − δµσδνρ − εµνρσ, (E.1)
δ+A, A = 4 · 3, (E.2)
where the suffix A denotes tensor suffix µν. Thus δ+A, A stands for δ
+µν , µν . We
introduce self-dual field φ+µν (φ+µν = −1
2
ǫµνρσφ+ρσ) then
δ+µν,ρσφ
+ρσ = (δµρδνσ − δµσδνρ − εµνρσ)φ+ρσ
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= 2φ+µν − εµνρσφ+ρσ
= 4φ+µν .
Variants of the definition of Γ+ABC are
Γ+µα,νβ,ργ = δανδβρδγµ + δµνδβγδρα + δαβδνγδρµ + δµβδνρδγα
−(δανδβγδρµ + δµνδβρδγα + δαβδνρδγµ + δµβδνγδρα)
−εµαβγδνρ − εµανρδβγ + εµανγδβρ + εµαβρδνγ
= δ+µα,νρδβγ + δ+µα,βγδνρ − δ+µα,νγδβρ − δ+µα,βρδνγ , (E.3)
Γ+ABρσ =
1
2
(δ+A,νρδ+B, ν
σ − δ+A,νσδ+B, νρ), (E.4)
Γ+ABC =
1
4
δ+A,νρδ+B, ν
σδ+C, ρσ. (E.5)
Useful formulae are in order.
εµαγνδβρ = δµβεραγν + δγβερµαν − δαβερµγν − δνβερµαγ
= δµρεβαγν + δγρεβµαν − δαρεβµγν − δνρεβµαγ
=
1
2
(δµβεραγν + δγβερµαν − δαβερµγν − δνβερµαγ
+δµρεβαγν + δγρεβµαν − δαρεβµγν − δνρεβµαγ), (E.6)
−εµαγνδβρ − εµαρβδνγ + εµαρνδβγ + εµαγβδνρ
=
1
2
(−δµβεραγν − δµνεγαρβ + δµγεβαρν + δµρεναγβ
+δαβερµγν + δανεγµρβ − δαγεβµρν − δαρενµγβ), (E.7)
Γ+ABC · Γ+ABC = 3! · 43, (E.8)
Γ+ABC · Γ+ABD = 2! · 42δ+CD, (E.9)
Γ+ABC · Γ+ADE = 4(δ+BDδ+CE − δ+BEδ+CD), (E.10)
Γ+ABC · Γ+DEF =
(
δ+ADδ
+B
Eδ
+C
F + ( cyclic in DEF)
)
−
(
δ+AF δ
+B
Eδ
+C
D + ( cyclic in DEF)
)
, (E.11)
D+µ,ρσ = δµρ∂σ − δµσ∂ρ − εµρσν∂ν , (E.12)
Γ+µν,ρα,σα = 2δ
+µν,ρσ, (E.13)
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δ+µρ,νρ = 3δ
µν , (E.14)
Γ+ABCDµ,ADν,BDρ,C = −43ǫσµνρ∂2∂σ, (E.15)
Γ+ABCDµ,ADν,B = 42
(
∂µD+ν,C − ∂νD+µ,C − ∂2δ+µν,C
)
, (E.16)
δ+µν,αγδ
+
ρσ,β
γ = δαβδ
+
µν,ρσ + δβρδ
+
µν,ασ − δβσδ+µν,αρ − δαρδ+µν,βσ + δασδ+µν,βρ, (E.17)
δ+µν,αγδ
+
ρσ,β
γ + δ+µν,βγδ
+
ρσ,α
γ = 2δαβδ
+
µν,ρσ, (E.18)
δ+µν,αγδ
+
ρσ,β
γ − δ+µν,βγδ+ρσ,αγ = 2(δβρδ+µν,ασ − δβσδ+µν,αρ − δαρδ+µν,βσ + δασδ+µν,βρ). (E.19)
Appendix F Wess-Zumino gauge in two dimen-
sions
In this Appendix we explicitly show how the superfluous component fields in the
superconnection can be gauged away consistently with the constraints by Wess-
Zumino gauge. We consider twisted N = D = 2 Abelian case for simplicity. We
have introduced the fermionic superconnection {ΓI} as in (5.1). Here we first show
the explicit component expansion of the superconnection as:
Γ = Γ0
+ θΓ1 + θµΓ1µ + θ˜Γ˜
1
+ θθ˜Γ2 + θ2Γ˜2 + θθµΓ2µ + θ
µθ˜Γ˜2µ + · · · , (F.1)
Γ˜ = H0
+ θH1 + θµH1µ + θ˜H˜
1
+ θθ˜H2 + θ2H˜2 + θθµH2µ + θ
µθ˜H˜2µ + · · · , (F.2)
Γµ = M
0
µ
+ θM1µ + θ
ρM1µρ + θ˜M˜
1
µ
+ θθ˜M2µ + θ
2M˜2µ + θθ
ρM2µρ + θ
ρθ˜M˜2µρ + · · · , (F.3)
Γµ = ωµ
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+ θA1µ + θ
ρA1µρ + θ˜A˜
1
µ
+ θθ˜A2µ + θ
2A˜2µ + θθ
ρA2µρ + θ
ρθ˜A˜2µρ + · · · . (F.4)
According to the introduction of the superconnection we introduce the following
gauge transformation:
δΓ = DK, (F.5)
δΓ˜ = D˜K, (F.6)
δΓµ = DµK, (F.7)
δΓµ = DµK, (F.8)
where K is the supergauge parameter defined by
K = K0
+ θK1 + θµK1µ + θ˜K˜
1
+ θθ˜K2 + θ2K˜2 + θθµK2µ + θ
µθ˜K˜2µ
+ θθ2K3 + θ2θ˜K˜3 + θθµθ˜K3µ
+ θ4K4. (F.9)
All the component fields in the supergauge parameter K except for the K0 which is
identified as an ordinary gauge parameter can be used to gauge away the component
fields of the superconnection {ΓI}.
We show some of gauge transformations in (F.5) and (F.6)
δΓ0 = K1, δΓ1 = 0, (F.10)
δΓ1µ = K
2
µ −
i
2
∂µK
0, δΓ˜1 = K2, (F.11)
δH0 = K˜1, δH1 = −K2,
δH1µ = −K˜2µ +
i
2
ǫµν∂
νK0, δH˜1 = 0.
For example we can gauge away Γ0 by using the gauge parameter K1, similarly
H0 can be gauged away by K˜1 and so on. In order to gauge away Γ˜1 and H1, we
have to use the same gauge parameter K2 and thus it is a priori not obvious if this
gauging away procedure is consistent or not. It turns out that the consistency comes
out from the constraints in (5.8). Here we explicitly show curvature constraints (5.8),
W1 = 2DΓ =W, (F.12)
W2 = 2D˜Γ˜ =W, (F.13)
W3 = DΓ˜ + D˜Γ = 0, (F.14)
Fµν = DµΓν −DνΓµ = δµνF , (F.15)
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DΓµ +DΓµ = −iΓµ, (F.16)
D˜Γµ +DΓ˜µ = iǫµνΓ
ν . (F.17)
The constraint (F.14) leads to the following relation:
0 = H1 + Γ˜1
+ θ(−Γ2)
+ θρ(H2µ − Γ˜2µ)
+ θ˜(H2)
+ θθ˜(0)
+ θ2(H3 − i
2
ǫµν∂µH
1
ν + Γ˜
3 +
i
2
∂µΓ1µ)
+ θθµ(
i
2
∂µH
1 + Γ3µ −
i
2
ǫµν∂
νΓ1)
+ θµθ˜(H3µ −
i
2
∂µH˜
1 +
i
2
ǫµν∂
ν Γ˜1) + · · · , (F.18)
This constraint thus requires, H1 + Γ˜1 = 0, Γ2 = 0, H2µ − Γ˜2µ = 0, and so on.
Thus Γ˜1 and H1 can be gauge away by the same gauge parameter K2.
We can then gauge away most of the component fields in the superconnection
except for the following fields: Γ1 = 1
2
A, Γ2µ =
1
2
λµ, Γ
3 = 1
2
D + 1
8
ǫµνFµν , M
1
µν =
1
2
δµνB, M
2
µν = −12(δµνρ+ǫµν ρ˜) and ωµ. As we can see these are the basic component
fields of the chiral supermultiplets.
We show the most explicit form of the superconnection with non-Abelian gauge
algebra in the following:
Γ = Γ0(0)
+ θΓ1(
1
2
A) + θµΓ1µ(−
i
2
ωµ) + θ˜Γ˜
1(0)
+ θθ˜Γ2(0) + θ2Γ˜2(−1
3
ρ˜) + θθµΓ2µ(
1
2
λµ) + θ
µθ˜Γ˜2µ(−
i
6
ǫµνλ
ν)
+ θθ2Γ3(
1
2
(D +
1
4
ǫρσFρσ)) + θ
2θ˜Γ˜3(
i
8
[A,B]) + θθµθ˜Γ3µ(
i
4
ǫµνD
νA)
+ θ4Γ4(− i
6
Dµλµ − i
6
[A, ρ]), (F.19)
Γµ = M
0
µ(0)
+ θM1µ(−
i
2
ωµ) + θ
ρM1µρ(
1
2
δµρB) + θ˜M˜
1
µ(
i
2
ǫµνω
ν)
+ θθ˜M2µ(−
1
3
ǫµνλ
ν) + θ2M˜2µ(0) + θθ
ρM2µρ(−
1
2
δµρρ− 1
6
ǫµρρ˜)
+θρθ˜M˜2µρ(
1
2
δµρρ˜− 1
6
ǫµρρ))
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+ θθ2M3µ(
i
4
ǫµρD
ρB) + θ2θ˜M˜3µ(
i
4
DµB) + θθ
ρθ˜M3µρ(−
1
2
δµρ(D +
3
4
ǫνσFνσ) +
i
8
ǫµρ[A,B])
+ θ4M4µ(−
i
6
Dµρ− i
6
ǫµνD
ν ρ˜− i
6
[B, λµ]). (F.20)
Using these superconnections, we can explicitly construct supercurvatures.
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